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Abstract

The Widom-Rowlinson model is one of the rare examples of an interacting particle system in
the continuum for which a vapour-liquid transition has been established rigorously. We consider
the version of the model on a two-dimensional finite torus, in which the energy of a particle
configuration is determined by its halo, i.e., the union of small discs centred at the positions of the
particles. We provide a microscopic description of the critical droplet: the set of macroscopic states
that correspond to the saddle points for the passage from a low-density vapour to a high-density
liquid. In particular, we give a detailed analysis of a specific high-dimensional configuration integral
associated with the critical droplet at low temperature. It turns out that the critical droplet is
close to a disc of a certain deterministic radius, with a boundary that is random and consists of a
large number of small discs that stick out by a small distance.

Mathematically, our analysis relies on large deviations for the volume of the halo and moderate
deviations for the surface of the halo, in combination with stability properties of isoperimetric and
Brunn-Minkowski inequalities. The crucial steps in the argument consist of a refined description
of the statistics of the small discs forming the boundary of the critical droplet. In the present pa-
per we are mainly concerned with mesoscopic fluctuations of the surface of macroscopic droplets,
which in the physics literature are referred to as capillary waves. These in turn are built on mi-
croscopic fluctuations, which we analyse in [23]. We derive a sharp asymptotics for the mesoscopic
fluctuations under three technical conditions, which are proved in [23]. To make the present paper
self-contained, we also derive a rough asymptotics without these conditions.

Our results provide the first analysis of surface fluctuations in the Widom-Rowlinson model
down to mesoscopic and microscopic precision. As such they constitute a fundamental contribution
to the area of phase separation in continuum interacting particle systems from the perspective of
stochastic geometry. At the same time they serve as a basis for [22], where we study a dynamic
version of the Widom-Rowlinson model in which particles are randomly created and annihilated
according to an infinite reservoir with a certain chemical potential. In [22] we derive the Arrhenius
law for the vapour-liquid condensation time, in a metastable regime where the temperature is low
and the chemical potential is high. The results in the present paper not only allow us to derive the
leading order term of the condensation time — which equals the inverse temperature multiplied by
the energy of the critical droplet — but also the correction order term — which equals the one-third
power of the inverse temperature multiplied by a computable constant that represents the surface
fluctuations of the critical droplet.
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1 Introduction, background and motivation

Section [I.1] introduces the equilibrium Widom-Rowlinson model. Section [[.2] states a key target in
this model, namely, a detailed description of the fluctuations of the so-called critical droplet, i.e., the
saddle point in the set of droplets with minimal free energy connecting the vapour state and the liquid
state. In [22] we define and analyse a dynamic version of the Widom-Rownlinson model, for which
this critical droplet appears as the gate for the metastable transition from the vapour state to the
liquid state. Understanding the fluctuations of the critical droplet is crucial for the computation of
the metastable crossover time in the dynamic model. The main goal of the present paper is a proof
of the key target subject to three conditions, whose proofs are given in [23]. A weaker version of the
key target is proved without the three conditions, in order to make the present paper self-contained.
Section [1.3]| contains an outline of the remainder of the paper.

1.1 The Widom-Rowlinson model

The Widom-Rowlinson model is an interacting particle system in R? where the particles are discs with
an attractive interaction. It was introduced in Widom and Rowlinson [39] to model liquid-vapour
phase transitions, and is one of the rare models in the continuum for which a phase transition has been
established rigorously. In the present paper we place the particles on a finite torus in R2.

Figure 1: Picture of a particle configuration v € I' and its halo h(7).
Fix L € (4,00) and let T = Ty, = R?/(LZ)? be the torus of side-length L. We can identify T with
the set [—%L, %L)2 after we redefine the distance by
dist(x,y) :]i€22|x—y+kL|, r,y € R% (1.1)

The set I' = I't of finite particle configurations in T is
I'={yCT: N(y) € No}, (1.2)

where N(v) denotes the cardinality of +, i.e., particles are viewed as non-coinciding points that are
indistinguishable. The halo of a configuration v € T" is defined as (see Fig.

h(y) = | Ba(2), (1.3)

where Bs(z) is the closed disc of radius 2 centred at € T. (The reason why we choose radius 2
instead of radius 1 is explained in [22]: the one-species model arises as the projection of a two-species
model.) The energy E(v) of a configuration v € T" is defined as

U Ba(x)

rey

E(y)=V() —VoN(~) = — > |By(a)], (1.4)

rey




where V() = |h(7y)| and Vo = |B2(0)| = 47. The energy vanishes when the discs do not overlap, and
reaches its minimal value when the discs coincide. Since 0 > E(y) > —Vu[N () — 1], the interaction is
attractive and stable (Ruelle [30)], Section 3.2]).

We define the grand-canonical Hamiltonian H = Hr 5 in T with chemical potential A as

H(y)=E() = AN(7), ~el. (1.5)

The grand-canonical Gibbs measure pg = pr x g is the probability measure on I' defined by

1
ps(dy) = —— e PHOIQ(dy), €T, (1.6)

—

where 8 € (0,00) is the inverse temperature, Q is the law of the homogeneous Poisson point process
on T with intensity 1, and 23 = =) g is the normalisation

== [ Qe (1.7)

zt(B)

liquid

Be
Figure 2: Picture of 8 — z:(0).

Write z = e®* to denote the chemical activity. In the thermodynamic limit, i.e., when L — oo, a
phase transition occurs at z = z;(8) with (see Fig. [2)

z(B)=pBe Yo, B> B e (0,00) (1.8)

(Ruelle [3I], Chayes, Chayes and Kotecky [8]). No closed form expression is known for the critical
inverse temperature B.. We place ourselves in the metastable regime

z=krz(B), k€ (l,00), B — o (1.9)

In other words, we choose z to lie in the liquid phase region, above the phase coexistence line in Fig. 2]
representing the phase transition in the thermodynamic limit, and we let § — oo and z | 0 in such
a way that we keep close to the phase coexistence line by a fixed factor k. For this choice the Gibbs
measure in becomes

ps(dy) = =— (kBN e PV Q(dy),  yeT, (1.10)

-

so that large particle numbers are favoured while large halos are disfavoured.
Let II,.g be the homogeneous Poisson point process on T with intensity 3. If P53 denotes the law
of 11,3, then ug is absolutely continuous with respect to P53 with Radon-Nikodym derivative

dug ) = exp(—V (7)) yeT. (1.11)

dP.s Jrexp(=BV)dP,s’




1.2 A key target: the critical droplet
For k € (1,00), abbreviate (see Fig. [3]),

®.(R) =7R?* — k(R —2)?, R€c[2,00), R.(k) = . (1.12)

Throughout the paper, x € (1,00) and $L > R.(k) are fixed (recall that L is the linear size of the
torus T = Tp). Define

D(k) = D (Re(r)) = ) U(k) = ) s €R, (1.13)

Figure 3: Picture of R +— @, (R) for fixed k € (1,00) and k — R.(k).

Fix C € (0,00), abbreviate §(3) = 3~%/3, and define

I(k, ;C) = /F@(dv) (BN e VO 11y () _rr(my21<00(8))

(1.14)

=S5 15 (IV (1) — TR(9)?] < C3(8)).
As shown in [22], I(k,[3;C) appears as the leading order term in a computation of the Dirichlet
form associated with a dynamic version of the Widom-Rowlinson model. In this dynamic version,
the special role of the critical disc Bg,(.)(0) becomes apparent through the fact that the set {y €
I: |V(y) — mR.(k)?| < C§(B)} forms the gate for the metastable transition from the gas phase (‘T
empty’) to the liquid phase (‘T full’) in the metastable regime (1.9)). The main ingredient in [22] is the
following sharp asymptotics.

TARGET: For C large enough and 8 — oo,

I(k, B;C) = c=B¥+E P +o(8/) (1.15)

The above target is a statement about a restricted equilibrium: it provides a sharp estimates for the
probability that the halo has a volume that lies inside an interval of width C'/8~2/% around the volume
of the critical disc Br_(,)(0). By writing

®(k) = —(k — Dm(Re(k) — 2)° + [rRe(k)? — m(Re(k) — 2)?], (1.16)

we see that we may think of ®(x) as (a leading order approximation of) the free energy of the critical
droplet, consisting of the bulk free energy and the surface tension, and of ¥(x) as (a leading order
approximation of) the entropy associated with the fluctuations of the surface of the critical droplet,
which plays the role of a correction term to the free energy. We will see that there are order 8 discs
inside the critical droplet and order 8/ discs touching its boundary (see Fig. . We remark that ( is



Figure 4: In [22] we find that the critical droplet in the metastable regime is close to a disc of radius
R.(x) and has a random boundary that fluctuates within a narrow annulus whose width shrinks to zero as
B — oo. Order # discs lie inside, order 8'/% discs touch the boundary. In the physics literature, mesoscopic
fluctuations of the surface of macroscopic droplets in the continuum are referred to as capillary waves (see

Stillinger and Weeks [38]).

to be viewed as a dimensionless quantity, i.e., the inverse temperature divided by some unit of energy.
Otherwise, its fractional powers would not make sense.

The goal of the present paper is to provide a proof of , subject to three conditions that are
settled in [23]. To make the present paper self-contained, we also prove a rough asymptotics that does
not require these conditions, but still provides the correct order of magnitude for the entropy term,
with bounds on the constant s in . Along the way we will see that

E5 = e~ BL=rR)[T|+o(1) (1.17)

Since ¥ (k) does not depend on C, we may view as a weak large deviation principle for the
random variable 32/3|V — mR2(k)| under the Gibbs measure in (.I0). The rate is 3'/3 and the rate
function is degenerate, being equal to the constant ¥(k). This degeneracy reflects the fact that the
radius of the critical droplet is close to R.(k), for which ® (R.(k)) = 0.

1.3 Outline

In Section [2] we present our main theorems: a large deviation principle for the halo shape and the
halo volume, and weak moderate deviations for the halo volume close to the critical droplet. These
theorems are the main input for the analysis of the dynamic Widom-Rowlinson model in [22]. Section
proves the two large deviation principles, as well as certain isoperimetric inequalities that play a
crucial role throughout the paper. In Section [d] we provide the heuristics behind the proof of the
main theorems, which is carried out in Sections BH8 Section [f] focusses on approximations of certain
key geometric functionals, which are crucial for the analysis of the moderate deviations. Section [f]
represents moderate deviation probabilities in terms of geometric surface integrals and introduces
auxiliary random processes that are needed for the description of the fluctuations of the surface of
the critical droplet. Section [7] contains various preparations involving exponential functionals of the
auxiliary random variables. Section [8| uses these preparations, in combination with the geometric
properties derived in Sections [5H7] to prove the moderate deviations for the halo volume close to the
critical droplet.

The results in Sections lead to a description of the mesoscopic fluctuations of the surface of the
critical droplet in terms of a certain constrained Brownian bridge and quantifies the cost of moderate
deviations for the surface free energy of droplets. The proof relies on three conditions involving the
microscopic fluctuations of the surface of the critical droplet, whose proofs are given [23]. To make the
present paper self-contained, we also prove a rough moderate deviation estimate that does not need
the three conditions.



2 Main theorems

This section formulates and discusses our main theorems. In Section [2.I] we state large deviation
principles for the halo shape (Theorem [2.1)) and the halo volume (Theorem , and show that the
corresponding rate functions are linked via an isoperimetric inequality (Theorem . In Section
we formulate a conjecture (Conjecture about moderate deviations for the halo volume, and state
a sharp asymptotics that settles a version of this conjecture for volumes that are close to the volume of
the critical droplet (Theorem [2.5)). This sharp asymptotics settles the target formulated in Section
subject to three conditions (Conditions (C1)—(C3) below), whose proof is given in [23]. In order to
make our paper self-contained, we also prove a rougher asymptotics (Theorem , which does not
require the conditions and still provides the correct order of the correction term, with explicit bounds
on the constant. In Section we place our results in a broader context and explain why they open
up a new window in the area of stochastic geometry for interacting particle systems.

For background on large deviation theory, see e.g. Dembo and Zeitouni [11] or den Hollander [21].

2.1 Large deviation principles and isoperimetric inequalities

Admissible sets. Let Fr be the family of non-empty closed (and hence compact) subsets of the
torus T. We equip Fr with the Hausdorff metric
du(F1, Fy) = max{max dist(z, F»), max dist(z, Fl)}
rEeF, zeFy (21)
= min{s >0: Fy C Fy + €B1(0)7F2 Cc F1 + EBl(O)}, Fl,FQ 7é @7

where dist(z, F') = minyep dist(z,y). This turns Fr into a compact metric space (Matheron [28]
Propositions 12.2.1, 1.4.1, 1.4.4], Schneider and Weil [32, Theorems 12.2.1, 12.3.3]). Let S C Fr be
the collection of all sets that are (T-)admissible, i.e.,

St ={S C T: IF such that h(F) =S}, (2.2)

where h(F') = UgepBa(x) is the halo of F. In Section we will see that there is a unique maximal
F such that h(F) = S, which we denote by S~ and which equals S~ = {x € S: By(x) C S}.

Obviously, not every closed set is admissible. For example, when we form 2-halos we round off
corners, and so a shape with sharp corners cannot be in S. Also note that S~ # () whenever S is
admissible: S necessarily contains at least one disc Bg(x) with « € S. In the following, we typically
omit the subscript referring to the torus T.

Large deviation principles. Define
J(S) =S| —«|S7|, Ses, (2.3)

and
I1(S)=J(S) — igf J. (2.4)

We view the halo h(v) as a random variable with values in the space S, topologized with the Hausdorff

distance. Note that infs J = (1 — k)|T| because & € (1, 00).

Theorem 2.1 (Large deviation principle for the halo shape).
The family of probability measures (pg(h(y) € -))g>1 satisfies the LDP on S with speed 5 and with
good rate function I.

Informally, Theorem [2.1] says that
s (h(y) = S) =~ exp(—BI(9)), B — 0. (2.5)

The contraction principle suggests a large deviation principle for the halo volume. To formulate
this, we first state a minimisation problem. The condition R € (2, %L) below ensures that that the
effect of the periodic boundary conditions on the torus T is not felt.



Theorem 2.2 (Minimisers of rate function for halo volume).
(1) For every R € (2,3L),
min {|S| — k[S7|: S €8,|S| =nR*} = 7R* — km(R — 2)? (2.6)
and the minimisers are the discs of radius R.

(2) The minimisers are stable in the following sense: There exists an g9 > 0 such that if 0 < € < g
and S € § satisfies

(IS| = k|S7[) = (7R* — km(R — 2)?) < mke  with |S| =R, (2.7)
then S~ is connected with connected complement (simply connected as a subset of R?), and
du(05,0Bg) < 3VRe, (2.8)
where dy denotes the Hausdorff distance.

Theorem is a powerful tool because it shows that the near-minimers of the halo rate function are
close to a disc and have no holes inside. In particular, it tells us that

I(Br) = ®x(R) — (1 — )|T], (2.9)
and allows us to describe the large deviations of the halo volume.

Theorem 2.3 (Large deviation principle for the halo volume).
The family of probability measures (pug(V(y) € -))p>1 satisfies the LDP on [0,00) with speed 8 and
with good rate function I given by

I"(A) = inf{I(S): |S| = A}, A €0,00). (2.10)
Informally, Theorem [2.3] says that
1s(V(v) = A) ~ exp(—BI*(A)). (2.11)
For every R € (2,1L), we have
I*(nR?) = I(BR). (2.12)

2.2 Near the critical droplet: moderate deviations

Fluctuations of the halo volume. The function R — I(Bgr) is maximal at

2K
R. = 1 (2.13)

We assume that L > %Rc. In the dynamic Widom-Rowlinson model that we introduce and analyse in
[22], R. plays the role of the radius of the critical droplet for the metastable crossover from an empty
torus to a full torus in the limit as § — oo. We therefore zoom in on a neighborhood of the critical
droplet. The large deviation principle yields the statement

pp([V() = 7R <) =exp(—5 min  I"(4)+0(8)), B o, (2.14)

A€[0,00):
|A—mR2|<e

for e > 0 fixed. We would like to take € = () | 0, for which we need a stronger property.

Conjecture 2.4 (Weak moderate deviations for the halo volume).
There exists a function Vr: R — R such that

lim sup # log{eﬂI(BR)uﬁ (52/3 [V(y) —7R? € K) }

B—00

liBIr_l)gf # log{eﬁI(BR)ug (62/3 [V(y) —7R? € O)}

IN

supVUgr VK CR compact,
K (2.15)

Y

supVPgr VO CR open.
o



Conjecture [2.4) has the flavor of a weak large deviation principle on scale f~2/3 with speed /3. For
R = R. we expect the function Wx_ to be constant. In Theorem [2.5 below we establish a version of
this claim, with ¥, = ¥(k), the entropy defined in (L.13). In what follows we first state a theorem
(Theorem below) that relies on three conditions involving an effective interface model whose proof
is given in [23]. Afterwards we state a weaker version (Theorem below) that provides upper and
lower bounds, whose proof is fully completed in the present paper. To state these theorems we need
some additional notation.

Notation. Let S = h(y) be the halo of some configuration y. The boundary of S consists of a union
of circular arcs that are disjoint except for their endpoints. We call the centres 21, ..., z, of these circles
the boundary points of S and we say that z = (z1,...,2,) is a connected outer contour if there exists
a halo S with a simply connected 2-interior S~ having exactly these boundary points (see Fig. . Let

O = set of connected outer contours. (2.16)

Later on we parametrize the boundary points z1,..., 2, of an approximately disc-shaped droplet in
polar coordinates. We will see that, roughly, we may think of the angular coordinates ti,...,t, as
the points of an angular point process, and of the radii rq1,...,r, as the values of a Gaussian process
evaluated at those random angles. To make this picture more precise, we need to introduce auxiliary
processes.

Figure 5: Circular arcs of the outer boundary Oh(y) and the inner boundary Oh(y)~ with z(y) consisting of
11 boundary points. Here, h(y)~ denotes the 2-interior of h(7).

Let (W;):>0 be standard Brownian motion starting in 0, and let
= — t
(Wi)te(o,2n]5 Wiy =Wy — %W27r7 (2.17)

be standard Brownian bridge on [0, 27]. Consider the process

— 1 27 _

(Bt)teo,2x] By =W, — o Wds, (2.18)

T Jo

called the mean-centred Brownian bridge (Deheuvels [10]). Set

2 2/3
AB) = GuB'?, G = (Ii)l : (2.19)
Let

T = Poisson point process on [0, 27) with intensity A(8), (2.20)

N =|T| = cardinality of T.
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Thus, N is a Poisson random variable with parameter 27 \(3) = 27G,.3'/3. We assume that (Bt)ic(o 2]
and T are defined on a common probability space (€,.%,P) and they are independent. Conditional
on the event {N = n}, we may write 7 = {T;}_; with 0 < T} < --- < T}, < 27, and define

O, =Ty —Ti, 1<i<n, ©,=(T+21) T (2.21)
Note that ©; >0,1<i<n,and ) ;. , ©; = 2. For m € R, set
Zm = (7™M N (2.22)
with

Br,
m+ O, <i<N. (2.23)

Later we will see that the natural reference measure for the angles ¢; is not the Poisson process 7 but
a periodic version of a renewal process, which is conveniently constructed by tilting the distribution of
the Poisson process 7. The precise expression for the exponential tilt will be derived later. Set

zZm = (rfm) cosT;,r™ sinTi), r™ — (R.—2) +

7

1 N

N
~ 1 ‘ ~ . 3
Ti= 3 Do le(riG.0). Ti= g3 (376.0)" 220

and consider the tilted probability measure P on (Q, #,P) defined by

P(A) = E[exp(YoA— YlA)lA], A C Q measurable. (2.25)
E[exp(YO — Yl)]

Finally let 7, € R be the unique solution to the equation
9] u3
/ V2mu exp(—T*u - —) du =1. (2.26)
o 24
The change of variables s = u®/24 together with [~ s™V2e7sds = I'(1) = /7 yields

[e'e] 3 4
V2mu exp <_u> du=—»= > 1, (2.27)

0

and so 7, > 0. In the sequel we use the notation w; = %(uz +uig1), 1 <i < N.

Conditions. Our main theorem builds on three conditions whose validity is proven in [23]:

(C1) The limit

1 ~
Cacx ﬂlgr;o 5173 logP(Z"" € O) (2.28)
exists and is of the form
Coxe = 2TG  Toen (2.29)

for some 7y, > 0 that does not depend on k.

(C2) The change from Z( to Z(™ does not affect (C1) when m is not too large:

P(Zzm € 0)

= == (2.30)
P(Z©) € O)

im —— sup lo
p=00 B3 mio(g1/9)
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(C3) Let
1L AR
D1 = — ezBE COSTZ‘, D = — @zBTl SinTi (231)
i RS
and
N,
X=>_©;Br, — D} - Di’. (2.32)
i=1

Then, for 6 > 0 sufficiently small,

. Elexp(5(1 + 8)X)1{zmeoy]
lim sup

1
—lo - =0, 2.33
B 517808 P(z(m) € O) (2.33)

uniformly in |m| = O(3/°).

Condition (C1) comes from the fact that for each of the N < 31/3 boundary points there is a constraint
in terms of the two neighbouring boundary points that must be satisfied in order for the corresponding
2-disc to touch the boundary of the critical droplet. The constant 7., is related to the free energy
of an effective interface model. Condition (C2) says that the constraint imposed by condition (C1) is
not affected by small dilations of the critical droplet, and implies that the free energy of the effective
interface model is Lipschitz under small perturbations. Condition (C3) says that the first Fourier
coefficient of the surface of the critical droplet is small. The term x represents an energetic and
entropic reward for the droplet boundary to fluctuate away from 0Bpr_ . We require that this reward —
which may be thought of as a background potential in the effective interface model — does not affect
the microscopic free energy of the droplet.

Main theorem: sharp asymptotics. We are now ready to formulate our main theorem.

Theorem 2.5 (Moderate deviations). Suppose that conditions (C1)—(C3) hold. Then, for C large
enough and 3 — oo,

1s (|V(7) —TR?| < Cﬁ_2/3) = ¢ AIBr)+E P Fo(BY7) (2.34)

where
I(BRC) = CD(H) - (]- - H)H—N» \Ij("{) = 27TGH(T* - 7'**). (235)

In view of (I.14) and (L.17), Theorem [2.5 settles the target in (I.I5)) subject to conditions (C1)—(C3).

Rough asymptotics. Without conditions (C1)—(C3) we can still prove the following rougher asymp-
totics, which makes our paper self-contained.

Theorem 2.6 (Moderate deviation bounds). For C' large enough,

1
li;nsup 517 log{eBI(BRc)NBOV(fy) —7TR? < 0572/3>} < 200Gy T,
—00
(2.36)
1
liﬁlggf Wlog{e'gl(BRc),u/gOV(’y) —7TR?| < Cﬁ_2/3)} > 227Gy (e — ©),

with ¢ € [0,00) some constant (that may depend on k).

Theorem [2.5] provides a full description of the fluctuations of the surface of the critical droplet
in the Widom-Rowlinson model in the metastable regime . It makes fully precise and rigorous
the heuristic arguments for capillary waves that are put forward in Stillinger and Weeks [38]. In the
proof of Theorem in Sections we will see that the boundary points are given by (2.23)), with
(Bt)te[0,2x) the mean-centred Brownian bridge, 7 the Poisson point process on [0,27] with intensity
271G . B1/3 tilted via the probability measure in (2.:25), and |m| = O(87/5) (which is negligible). We
will also see that the effect of centring of the droplet is that the discrete Fourier coefficients defined in
(2.31) are asymptotically vanishing.
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2.3 Context

In this section we place our main theorems in the broader context of stochastic geometry and continuum
statistical physics. For general overviews we refer the reader to Chiu, Stoyan, Kendall and Mecke [9],
respectively, Georgii, Higgstrom and Maes [I§].

Large and moderate deviations for confined point processes. There is a rich literature on
limit laws for high-intensity point processes and extremal points, and also on the high-intensity Widom-
Rowlinson model. Let us explain why Theorem is considerably more involved than the theorems
encountered in that literature. We first review two papers in the context of stochastic geometry that
are close in spirit to our results and discuss the differences. The results from the point process literature
are valid in higher dimensions d > 2 as well, but for simplicity we present the summary for d = 2 only.

Consider a disc of fixed radius R > 2 and a homogeneous Poisson point process with intensity «
in Br—2(0). The set Br(0) \ h(Il,) is called the vacant set, the volume |Bgr(0) \ h(IL,)| is called the
defect volume. A point z € Il is extremal when h(Il, \ z) C h(Il,). Write {(z,II,) for the indicator
that z is extremal in II,. (The problem has been also studied for general compact sets K instead of
B5(0), in which case the points are called K-mazimal.) The following results are available in the limit
as o — oo:

(I) Schreiber [34] focusses on a Boolean model that is a variation on the Widom-Rowlinson model, in
which to each point of the Poisson point process a random closed set called grain is attached. Grains
are deterministic compact convex smooth sets satisfying certain conditions, namely, they are contained
in Br(0), are twice differentiable on the boundary, and are parametrized by the point closest to the
boundary of Br(0). The following results are proved in [34]:

(i) A law of large numbers for the defect volume:

lim a2/3E[|BR(0)\h(Ha)|} = as. (2.37)
a—r 00
(ii) A moderate deviation estimate: if F, is the expected defect volume, then for all n > 0 and some
I(n) >0,

IP’<|BR(0) \A(IL)| > (1 + n)Ea) < exp(—a1/3f(n) + 0(a1/3)). (2.38)
The limit lim, o %f (n) € R exists. An LDP is proved for a point process whose law is a Gibbsian
modification of a Poisson point process with a hard-core Hamiltonian, which describes the one-color
process in the two-color Widom-Rowlinson model. This result is close to our LDP, the main difference
being that the minimization is much easier than in our model.

(IT) Schreiber [35] considers a homogeneous Poisson point process with intensity « restricted to [0, 1]%
(which by abuse of notation we again call II,, ) and proves the following: h,(Il,) = Uzemn, Br(z) satisfies
the full LDP on L'(]0,1]¢ with rate ra and with good rate function P, the so-called Caccioppoli
perimeter. However, this is proved in a specific limit for o and r = r(«) jointly, namely,

ar(a)?

lim r(a) =0, = 00, (2.39)

a—o0o ahﬂngo log(1/r(a))

(i.e., the large-volume limit and the high-intensity limit are taken simultaneously), while in our setting

the volume of the system and the radius of the discs are kept fixed. Furthermore, the parameters of

the model are taken to be on the coexistence line. In our case this would amount to taking the limit
k } 1 instead of fixing k € (1, 00) arbitrarily.

In Section [3] we give a full description of large deviations for arbitrary droplets, and in Sections [5H3]

of moderate deviations for near-critical droplets. The fluctuations that we consider are two-sided, i.e.,
the droplets are not confined to an ambient disk Br(0) but rather live on a torus. [FdH: OKAY?7]
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Interface literature. Another popular concept in stochastic geometry is that of random convez
polytope and its relation with the paraboloid growth process (see Schreiber and Yukich [36], Calka,
Schreiber and Yukich [7]). The former is the convex hull of K N1II, (with K a smooth convex set in
R?), the latter is a growth model for interfaces that is studied because it provides information on the
asymptotic behaviour as a — oo of geometric functionals of random polytopes, in particular, on the
distribution of K-mazimal points. While we marginally touch on these concepts in the present paper,
they play an important role in [23], where we discuss the microscopic fluctuations of the surface of the
critical droplet. There we prove that, upon rescaling of the random variables describing the boundary
of the critical droplet, the effective microscopic model is given by a modification of the paraboloid
hull process, which is connected to the paraboloid growth process. In [23], the conditions (C1)—(C3) in
Theorem are formulated in the context of paraboloid hull processes, and are proven there.

The literature on stochastic interfaces is large, especially for phase boundaries separating two
phases. In statistical mechanics interface analyses have been successfully carried out for discrete
systems, such as the Ising model. Higuchi, Murai and Wang [20] adapted to the two-dimensional
Widom-Rowlinson model what was done in Higuchi [I9] for the two-dimensional Ising model. As
for the Ising model, the interface is well approximated by that of the so-called Solid-on-Solid model.
The results in [20] concerns limiting properties of the continuous random processes that model the
fluctuations of the interface in the direction orthogonal to the line connecting the two end points of
the phase boundary. Diffusive scaling of the interface is shown, with Brownian bridge appearing as the
limit. However, the results in [20] are again only for parameters on the coexistence line, which in our
case amounts to taking the limit x | 1.

Further variations on the Widom-Rowlinson model. Several further variations on the Widom-
Rowlinson model have been considered in the literature. One is the so-called area-interaction point
process considered in Baddeley and van Lieshout [4], where the probability density of a point config-
uration depends on the area of h(Il,) through a parameter y. When v = 1, the Widom-Rowlinson
model is recovered. Another is the so-called quermass-interaction processes introduced in Kendall, van
Lieshout and Baddeley [26], where a Boolean model interacting via a linear combination of Minkowski
functionals generalizes the above area-interaction. In both these papers the problem of well-posedness
of the processes are addressed via a proof of integrability and stability in the sense of Ruelle [30], but
no result in terms of large deviations are obtained.

Another generalization regards the multi-color Widom-Rowlinson model (see Chayes, Chayes and
Kotecky [§]): ¢ colors are considered and random radii 7;, 1 < 4 < ¢, are attached to any color. In
Dereudre and Houdebert [12] the case with non-integrable random radii is studied, and a different type
of phase transition is proved.

3 Proof of large deviation principles and isoperimetric inequal-
ities

In this section we prove Theorems[2.IH2.3] Section[3:I]takes a closer look at the properties of admissible

sets (Lemmas [3.1H3.2]). Section gives the proof of Theorem [2.2] The proof requires two isoperi-

metric inequalities (Lemmas 3.4]), which are analogues of the classical isoperimetric and Bonnesen

inequalities, and imply that the minimisers of I in (2.4]) are discs and that the difference of I with its

minimum can be quantified in terms of the Hausdorff distance to these discs. Section proves the

large deviation principle for the centres of the 2-discs in the Widom-Rowlinson model (Proposition,
and uses this to prove Theorems and

3.1 Properties of admissible sets

Write
Ft=F+B(0)= |J (F+a)=h(F) (3.1)
z€B2(0)
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for the 2-halo of F' € Fr (Minkowski addition) and

FT=FeBy(0)= ()| (F+z)={z€F: Bya)CF}, (3.2)
€ B3 (0)

for the 2-interior of F' € Fr (Minkowski subtraction). In integral geometry, the sets F* and F~ are
called the dilation and the erosion of F, respectively. Note that the erosion and subsequent dilation
of a set F' is contained in F, i.e.,

(F)*= |J Buz)CF (3.3)
Ba(z)CF

(Matheron [28, Section 1.5]). See Lemma below.

Note that (F~)" is not necessarily equal to F. We use S C Fr to denote the collection of all sets
for which equality holds and call them (T-)admissible (open with respect to By(0) in the terminology
of integral geometry), i.e.,

Sp={SCT: ()t =8}={SCT: S=(SE By(0)) + Ba(0)}. (3.4)

In the following, we typically omit the subscript referring to the torus T, by writing Fr = F, St = S.
There is another useful characterisation of admissible sets: S € § if and only if it is the 2-halo of some
F e F,S=F7" (see Lemma|3.1{[2) below). Obviously, not every closed set is admissible. For example,
when we form 2-halos we round off corners, and so a shape with sharp corners cannot be in §. Also
note that S~ # () whenever S is admissible: S necessarily contains at least one disc Ba(z) with z € S.

In this section we summarise some known properties of admissible sets in a setting that will be
needed later. The proofs of these properties rely on various sources. Below we only quote appropriate
references, and when instructive we supply a short proof.

A key property is that for any set S € S such that S~ is connected and S is simply connected, the
set S7 is of reach at least 2. Recall that the reach of a set F' € F is

reach(F) = sup {r > 0: for any z € F + B,(0) there exist a unique y € F nearest to z}.  (3.5)
Lemma 3.1. (1) If F € F, then (F~)" C F.
(2) S €S if and only if S is the 2-halo of some F € F, i.e.,

{SCT: S=(ST)"}={SCT: IF € F such that S = F*}. (3.6)

(3) Both F+— F* =h(F) and F — |F*| = |h(F)| are continuous with respect to the Hausdorff metric.
(4) If S € S and S is connected, then also S is connected.

(5) If F € F is convex, then F* and F~ are convex and F = (F*)~. If Fy,F» € F are conver and
F" = F5f, then also I} = Fs.

(6) The set S is the closure in F of the set ™ C S, where S consists of all S of the form S = h(7)
with v C T finite.

(7) If S € S, then reach(S™) > 2, provided the following condition is satisfied:

(C) S~ is connected and each component of T \ S~ contains exactly one component of T \ S.

(8) For any S € S such that reach(S™) > 0, the boundary 0S~ is 1-rectifiable. If S € S, then the
boundary S~ is Lipschitz.
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Proof. We indicate the proper references to the literature. Part is delicate.

(1) (Matheron [28, Chapter 1.5]) Note that z € (F~)" is equivalent to Ba(z) N F~ # (), which is
equivalent to the existence of a z € By(z) N F'~. Hence, x € By(z) since z € Ba(x) and By(z) C F
since z € F~. In [28], sets F such that (F~)" = F are called open w.r.t. By(0) (rather than admissible).

(2) (Matheron |28, Chapter 1.5]). For any S € S, we have S = FT with F = S~. On the other
hand, if S = F*, then ((F*)")T D FT since (F*)™ D F and hence (S7)T D S. The inclusion
((F*)7)* ¢ F*, which amounts to (S™)* C S, was proven in 1.

(B) For the first claim, see Matheron [28, Proposition 1.5.1] Schneider and Weil [32] Theorem 12.3.5],
for the second claim, see Kampf [25], Lemma 9.

See Matheron [28, Chapter 1.5].

See Matheron [28, Proposition 1.5.3]. In [28] , sets F' such that (F'*)~ = F are called closed w.r.t.
Bs(0).

@ This follows from the fact that finite sets are dense in F in combination with the first claim in .

@ Use Federer [14, Theorem 5.9], which assures that the reach is conserved under taking limits of sets
with respect to the Hausdorff metric. It therefore suffices to consider S € S with S = h(y), where
the finite set ~y is sufficiently dense so that condition (C) is satisfied for S = h(7).

We will prove that, for such v, reach(h(y)~) > 2. First, observe that the boundaries dh(y) and
Oh(v)~ are unions of circular arcs (of radius 2). Given that h(y) satisfies condition (C), the set
h(y) \ h(y)~ splits into connected components, each bordered by two Jordan curves: one connected
component of the boundary dh(y) and one connected component of the boundary dh()~. For each
component of dh(y), we label the centres of the arc circles in such a way that two consecutive arcs
belong to two consecutive centres, with periodic boundary condition. The associated component of
Oh()~ is a union of circular arcs passing through the centres. The centre of the arc circle connecting
two consecutive centres is the point on the boundary 9h(v) in the intersection of the arcs with these
centres.

Let us assume that reach(h(y)~) < 2. Then there exist a point z € h(y) \ h(y)~ and two dis-
tinct points y1,y2 in a connected component o of the boundary dh(y)~ such that dist(x,h(v)”) =
dist(x,y1) = dist(z,y2) = r < 2. (To belong to two distinct components of dh(y)~ contradicts as-
sumption (C).) Given that dist(z, h(y)~) = r, the interior B, (z)° of the disc B,(x) does not contain
any point from h(y)~, i.e., B.(x)° N h(y)~ = 0. In addition, there are at most finitely many points of
h(y)~ in OB, (z), all of which belong to dh(y)~.

The admissibility of h(7) means that every disc of radius 2 with a centre on dh(y)~ is fully contained
in h(y). We will draw a contradiction with this statement from the fact that a Jordan curve o
avoiding B,(x)? and containing two distinct points on its boundary necessarily indents too sharply to
be consistent with admissibility of h(y) and condition (C). To show the contradiction, consider a line
¢ through the point x that separates the points y; and ys into opposite half planes determined by /.
Without loss of generality, we may assume that the points {y,y’'} = ¢NIB,(z) do not belong to h(y)~.
As a result, both By(y) and Ba(y’) contain points not in h(7y) or, since Ba(y1) U Ba(y2) C h(7), there
exist points w € Ba(y) \ (B2(y1) U Ba(y2)) and w’ € Ba(y') \ (Ba2(y1) U Ba2(y2)) such that w,w’ & h(7y).
Now, By(w) and Ba(w’) cannot contain any point from h(y)~, and hence the Jordan curve o must
avoid B, (x)"U By (w)UBg(w')U{y, y'} with w,w’ & h(7y), which yields the contradiction with condition
(C).
Indeed, if o is the outer boundary of the set A(y)~ with a single outer component of T\ h(y)~, then
in contradiction with condition (C) this component contains two components of T \ h(7), since the
points w and w’ belong to different components of T\ (h(y)~ UBa(y1)UBa(yz2)). Otherwise, the Jordan
curve o is the inner boundary of the set h(y)~ and surrounds the set B,.(x)? U By (w) U By (w')U{y,y'}.
However, the region encircled by o contains two different components of T \ h(7), one containing w
and the other containing w’.

For the first claim, see Ambrosio, Colesanti and Villa [2, Proposition 3]. For the second claim, it
suffices to note that for S € S the boundary 95~ is a finite union of arcs. O
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We will also need the Steiner formula for sets of positive reach (Federer [14]).

Lemma 3.2. Let S € S be an admissible set with S~ of reach at least 2. Then
[S\ST[=28M(S57) +4mx(S7), (3.7)

where SM(S™) is the outer Minkowski content of S~ and x(S7) is the Euler-Poincaré characteristic
of S~ (= the number of connected components minus the number of holes). If the boundary S~ is
Lipschitz, then SM(S™) = HY(0S™), where H* is the 1-dimensional Hausdorff measure.

Proof. Reformulating the Steiner formula for sets of positive reach as defined by Federer [14], Theorem
5.5, Theorem 5.19], we get, for S C R? and S € S,

5™+ Bo(0)| = [S7[ + SM(S7)r +x(S7)[B1(0)|r* (3.8)

for any 0 < r < 2 and by continuity also for » = 2. For continuity of the left-hand side, see Sz.-Nagy [29].
The last claim is the same as Ambrosio, Colesanti and Villa [2] Corollary 1]. O

3.2 Minimisers of the shape rate function and their stability
In this section we prove Theorem [2.2}

(1) The proof relies on the Brunn-Minkowski inequality and on Lemma below, which provides three
reformulations of the isoperimetric inequality in ({2.6]).

Lemma 3.3. Let S € F. If R> 2 and |S| = TR2, then the following three statements are equivalent:
(a) |S| = k|S™| > 7R? — k(R — 2)2.
(b) 167]S] < (|S\ S| + 4m)2.
(c) 167|S7| < (|S\ S™| —4n)2.

Moreover, equality holds in (a), (b), and (c) simultaneously, or in none.

Proof. The equivalence of (b) and (c) is an immediate consequence of the fact that |S| = |S™|+[S\S™|.
For the equivalence of (a) and (b), we observe that |S| — k|S™| = k]S \ S~| — (k — 1)|S| and therefore,
with |S| = 7R?, (a) is equivalent to
IS\ S7| > nR? — n(R — 2)* = 47 R — 4. (3.9)
We add 47 to both sides and take the square to find that (a) is equivalent to (b). O
Proof of Theorem[2.3 Armed with Lemma we employ the Brunn-Minkowski inequality
|F + BIV/2 > |F|V/2 1 | B|1/2, (3.10)
which is valid for any non-empty measurable F, B and F + B (see Lusternik [27] and Federer [I5]
3.2.41]). Indeed, (3.10) with B = B2(0) implies
|ET| — |F| > 2|F|Y?(4m)Y? + 4, (3.11)
and yields inequality (c¢) with F' = S~ and F™ = S, and thus also (2.6) by (a). Equality in (3.11))
occurs only if F'= S~ is a disc or a point (see Burago and Zalgaller [3 Section 8.2.1]).

(2) We first prove that if S is close to a minimiser, then necessarily S~ is connected and simply
connected.

Lemma 3.4. There exist a function € — £(g) satisfying lim. 0 &(e) = 0 such that if S € S satisfies

B7) with R —2> (£, then

du(S, Br) < £(e) (3.12)

for sufficiently small €, and S~ is connected and simply connected.
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Proof. We use the claim about the stability of the Brunn-Minkowski inequality, first proven in qualita-
tively by Christ [6] and then quantitatively by Figalli and Jerrison [I7]. Actually, for our purposes the
qualitative version [6] suffices, since we are only using it as a springboard for more accurate bounds to
be considered later. _ _
Adapted to our setting, the claim is that there exist positive function £(0) with limgs_,o&(5) = 0,
such that if
1S|M2 < |87 M2 4 2¢/7 + dmax (|S™[Y/2,2v/7), (3.13)

with sufficiently small §, then there exist a compact convex set K C T such that
ST Cc K™, |K™\ST|<®wR(6). (3.14)
In the same vein, a (properly scaled and shifted) disc D satisfies
D™ Cc K™, |K~\D|<nmR%*%(6). (3.15)
To verify the assumption in ([3.13)), we rewrite as
(IS| = k|S7]) = (7R* = k(R = 2)*) = 6(|S\ S™| —4m(R— 1)) < mke (3.16)
and use an equivalent formulation of , namely,
IS\ 87| = 4v/7|S|*? + 4m < 2S7 Y25 max (|ST|V2,2¢/7 ) + 62 max(|S ™|, 47). (3.17)

Indeed, ([3.16)) with |S| = mR? implies that the LHS of (3.17) is bounded by me which, with the choice
§ = /2 is bounded by the right-hand side of (3.17)) and thus also (3.13]).
5) implies that K~ C (D~ +

Note that, in view of the convexity of K ~, the condition in (3.1
Bé( VE)?2 (0)). Indeed, suppose without loss of generality that the centre of the disc D is at the origin
and write r + 2 for its radius, so that D~ = B,.(0). If x € K~ \ D—, then K~ contains the union of
D~ and the wedge bordered by 0D~ and the tangents through = to D~. The volume of this wedge is
r(va? —r2— arctan(ivzz;ﬂ)). Asymptotically, for small |z| — 7, this equals Lt |z| — r and exceeds

. ~ VT
TR?¢ once |z > (1 +&?). Thus, K~ C B, ¢(0) and

SCKCB, 4,0 (3.18)

For an admissible S € S, we can significantly strengthen the second claim in . We can argue
that S D By12-5(0) = B,42(0) © Bs(0) with s = (%wR%(\/E))Q/? Indeed, if x € (T\ S) N By12-5(0),
then By(2) N B,_(0)N S~ =0, while |By(z) NK~| > |Ba(2) N B, (0)| > §53/2 = %WRzé(ﬁ) (see [22,
Eq. (D.8)], in contradiction with the second inequality in . Combining the present claim with

B.18), we get

Bri2-s(0) CSC B, y,,e(0). (3.19)
Given that |S| = 7R?, this implies
R+ 2¢2
+~§ <r+2<R+s, (3.20)
1+&2
yielding, for sufficiently small ¢, the statement in (3.12]) with
£(e) = 2RVPEP(Ve). (3.21)
Using that
BR_Q_é(O) cS™ C BR_2+§(O), (3.22)

we will prove connectedness and simple connectedness of the set S~ by showing that every segment
b, = {te: t € [0, R+ £]} in the direction of any unit vector e € R?, intersects the set S~ in a closed
interval: STN{ = {te: t € [0,T(e)]} with T'(e) € [R—2—§, R—2+¢]. If the contrary were true, then
there would be a direction e and two points x,y € {te: t € [R—2—&, R —2+&]} C L, |z| < |y| such
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that z ¢ S~ and y € S~. The fact that y € S~ implies that Bg_¢ U Ba(y) C S, while z ¢ S~ implies
that Ba(z) NS¢ # 0, and hence, in view of the preceding inclusion, Ba(z) N (Br—¢ U Ba(y))® # 0.
However, this cannot happen when B (x) \ Ba(y) C Br—¢. Nevertheless, this is exactly what happens
when R —2 > ¢/(¢€ —1). Indeed, By(x) \ Ba(y) C Br—¢ once 0Bs(y) N C Br_¢(0), where ¢ is the
line through y orthogonal to £.. For z € dBy(y) N ¢ we have

2=+ 22 < (R-2+6?+4<(R—-¢)? (3.23)

when % > &, which is equivalent with R — 2 > O

£
T—2-
To finish the proof of Theorem we use that S~ is connected and simply connected once (2.7)) is

satisfied and R — 2 > 15(56()5)' For the latter, similarly as in the proof of Lemma we may assume
that S € Sfin. For fixed R € (2, %L) we choose gy such that R — 2 > 15(55()5) for any 0 < ¢ < &g.
Using now that reach(S~) > 2 according to Lemma, we will rely on the Bonnesen inequality,

which is more precise than the provisional claim in (3.12]) with the bound £(¢) whose dependence on
¢ is not explicitly specified. For connected and simply connected S, its boundary 0S5~ is a Jordan
curve and according to the Bonnesen inequality the difference of the radii rout(05~) and 73, (05™) of
the outer and the inner circle of the curve 95~ can be bounded in terms of the isoperimetric defect

HY(DS7)? —4rn|S—|:

72 (row(9S™) — rin(057))* < HM(DS™)? — 4x|S . (3.24)

Assuming that |S| = TR?, we can write

(IS| = k|S7[) = (7R* — k(R — 2)?) (3.25)
=kK|[S\S7| = (k= 1)|S| = TR® + km(R — 2)* = 2x5[H"(0S™) — 2n(R — 2)] ’
with the help of the Steiner formula (Lemma and reformulate the isoperimetric defect as

HY(DST)? — 4n|S™| = HY(OS7)? — 4n[|S| — 4r — 2H (0ST)] = (H'(9S™) + 4m)? — (2nR)%. (3.26)

If the left-hand side of (3.25)) is < wke, then the right-hand side of (3.26)) is bounded from above by

T (% +47R) =’ 2R+ £) < In’Re. (3.27)

It follows from that
Tout(0S™) — rin(0S™) < 3V Re. (3.28)
Since rout(0S) — rin(0S) = rout(05™) — rin(0S™), we get the claim in (2.8). O

3.3 Large deviation principle for Widom-Rowlinson

In this section we prove Theorems [2.1] and

Remember the Gibbs measure pg at inverse temperature 8 and activity z = kz,(8). This is a
probability measure on the space I' of particle configurations, which we may view as a subset of F
equipped with the Hausdorff topology. By a slight abuse of notation, we identify pg on I' with the
measure on JF supported on I'. Theorem builds on the large deviation principle for the Gibbs
measure pg itself, i.e., the large deviation principle for the set of particle locations.

The LDP for pug is summarised in the following proposition (recall that a rate function is called
good when it is lower semi-continuous and has compact level sets). This proposition is in the spirit of
Schreiber [33], [34, Theorem 1]. The latter is stated in a slightly different setting, but the main ideas
of the proof carry over.

Proposition 3.5 (Large deviation principle for Widom-Rowlinson). The family of probability measu-
res (up)p>1 on F, supported on I' C F, satisfies the LDP with rate 3 and good rate function IR
given by

TWR = JWR _ inf JWR O JWR(F) = |FT| - k|F|, FcF. (3.29)
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Proof. Let Il.z be the homogeneous Poisson point process on T with intensity x3. We may view
Il,5 as a random variable on a probability space (€, B,P) taking values in F. Since P(Il,g C F) =
P(IL.sN(T\F) = 0) = e #AIT\FI ' € F, it follows that the family (Il,.5)5>1 satisfies the large deviation
principle with rate 8 and good rate function I(F') = x|T\ F|, F € F. Note that F' — |F| is upper semi-
continuous (Schneider and Weil [32, Theorem 12.3.5]), but not continuous: sets F' of positive measure
can be approximated by finite sets, which have measure zero. It follows that F' — I(F) = &(|T| — | F|)
is lower semi-continuous, but not continuous. Nevertheless, the map F + |F*| = |h(F)| is continuous
with respect to the Hausdorff metric (see Lemma ) Therefore, since

ps(C) = e~ 1T eAITIR (e_ﬁlh(n”ﬂ)‘l{nwecﬁ , C C F Borel, (3.30)

the claim follows from the LDP for the Poisson point process (Il,3)s>1 and Varadhan’s lemma. O]

With the help of Proposition the proof of Theorems and [2.3] becomes straightforward via the
contraction principle.

Proof of Theorem[2.1 As mentioned above, the map F — S defined by F +— S = F'* is continuous
with respect to the Hausdorff metric. Proposition [3.5] and the contraction principle therefore imply
that the LDP for the law of h(vy) under pg holds with rate 8 and good rate function I given by

I=J—infJ, J(S)=inf {|F*| —k|F|: Fe F,Ft =5}, SeS8. (3.31)

We show that J(S) = |S| — k|S™|. Indeed, if F* = S, then F C S~ and |F*| — k|F| > |S| — k|S™|
yielding J(S) > |S| — |S~|. On the other hand, taking F' = S~ with F* = (S7)" = S in view of
admissibility of S, we get J(S) < |F*| — k|F| =|S| — x|S™|. O

Proof of Theorem[2.3 Theorem follows from Proposition the continuity of the map F
|F*| = |h(F)|, and the contraction principle. The rate function I* is given by

I*(A) = inf{I(S): S€S,|S|=A}

. _ . _ (3.32)
=inf{|S| —k|ST|: S €S8, |5 =A} —inf{|S]| —x|ST|: S €S}
In the difference of the two infima, the first infimum (when A = 7R? with R € (2,1L)) is equal to
7R? — k(R — 2)? by Theorem For the second infimum, we note that

S| = KlST[ = (1= r)[S| = (1 = &)|T| (3.33)

with equality for S = T. O

4 Heuristics for moderate deviations

In this section we provide the main ideas behind the proof of Theorems in Sections
Guidance is needed because the proof is long and intricate. In Section[d.1]we explain how the moderate
deviation probability for the halo volume can be expressed in terms of a certain surface integral. In
Section we explain how the weight in this surface integral can be approximated in terms of the
polar coordinates of the boundary points. In Section we provide a quick guess of what the orders
of magnitude of the angles and the radii of the boundary points are as 8 — oo. In Section [£.4] we
introduce auxiliary random processes that allow us to transform the surface integral into an expectation
of a certain exponential functional, capturing the global (= mesoscopic) scaling of the boundary of the
critical droplet. In Section [4.5| we perform a further change of variable to rewrite the expectation in
terms of an effective interface model, capturing the local (= microscopic) scaling of the boundary of
the critical droplet.
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4.1 Reduction to a surface integral

The starting point for the proof of Theorem is the following. Because of the large deviation
principles in Theorems and and the quantitative isoperimetric inequality the dominant
contribution to the event |V (y) — 7R2| < CB~2/3 should come from approximately disc-shaped halos
(“droplets”). Consider the event

D.(z) = {7 e T: dy(dh(7),dBg, (z)) < 5} (4.1)

that h(y) is close to a disc Bg,(x), without any holes. Because of the translation invariance of the
model, we may focus on D.(0).

For v € D.(0), the boundary 0h(y) of the droplet is a union of circle arcs centreed at points
21y, 2n € 7, called boundary points. Each boundary point is extremal in the sense that h(y \ x) C
h(y). We call a collection of points {z1,...,2,} a connected outer contour if there exists a halo S with
a simply connected 2-interior S~ having exactly these boundary points. The halo S, if it exists, is
unique, and we denote it by S(z). The set of connected outer contours is denoted by O.

For v € D.(0), both h(y) and V() are uniquely determined by the boundary points, since h(y) =
S(z) and V(y) = S(z)~. Therefore it makes sense to compute probabilities by conditioning on the
boundary points. Abbreviate

A(z) = (I8(2)| = 5I8(2) ") = (7RZ = K(Re — 2)%). (4.2)

We will see that the following is true: for some constant ¢ > 0 and for all measurable sets A C S, as
B — oo,

s (h(7) € A, 5 € D.(0))

—e —BI*(wR? Hﬁ " - z
= [1-0(e™ )] e Pl xR % %/ dze 2D seay Ip; 0)(2),

n&ENp

(4.3)

where D.(0) is the collection of connected outer contours for which dg(9S(z),0Bg,(0)) < ¢, and I*
is the rate function defined in . In view of this geometric constraint, the only contributions
to the right-hand side of are from connected outer contours z € O that lie in an annulus:
|zi — (R. — 2)| <&, 1<1i<n. Hence we may think of as a surface integral.

4.2 Approximation of the surface term

In view of (4.3), our next task is to evaluate A(z). Let us choose polar coordinates for the boundary
points and write
R = (T’i COS tia T sin tl)v 1 S 1 S n. (44)

Upon relabelling the centres, we may without loss of generality assume that 0 < t; < --- < ¢, < 27.
We set t,,+1 = to + 27 and 7,41 = r1, and define angular increments

9i = ti+1 - ti, 1 S ) S n. (45)

Note that 6; > 0 and ) ;" ;6; = 2w. The volume of the shape S(z) with boundary points z =
(#1,...,2n) admits an expansion

Nl it 2 (rig1 —ri)?  R*(R-2) 4 ‘
|5(Z)|—;{2(2+2) 0; + e 15 Hi}+error terms. (4.6)

Also,

[S(2)7| = zn:{l (M)Qel - R(R27;2)2 05’} + error terms. (4.7
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The previous formulas are valid for general radius R. Next we specialize to R = R.. With

pi =1 — (R —2), pi = %, (4.8)
and using that k — 1 = 2/(R. — 2), we get
A(z) = k—1 i{ (pir1— pi)? B [71292} +C i&f’ + error terms (4.9)
2 i=1 0: i=1
with R(R, - 2) 2 s
O TR Temo 2 (4.10)

4.3 Orders of magnitude
Neglecting higher order terms in A(z) in (4.9)), we see that the weight exp(—FA(z)) involves several

terms. The factor exp(—pC1603) suggests that the typical angular increment 6; is of order B3, and
the typical number of boundary points therefore is of order 5'/3. The factor
=1 (pix1 — pi)?
exp(—ﬁm2 (p +19' pi) ) (4.11)

suggests that p;11 — p; is approximately normal with variance proportional to 6;/8. Hence, we expect
that the radial increment p; 1 — p; is typically of order 3~2/3. Combining these observations, we may
expect that

52{ "”“ _ pi)’ +019§>} ~ const /3, (4.12)
which explains the exponent 3'/3 in Theorem Furthermore, it will be natural to think of p; as
By,
pi= Dt (4.13)
(k—=1)8

with m some unknown mean value, and (B;)¢>o the mean-centred Brownian bridge from (2.18). The
consistency with the guessed order of magnitude of the radial increment is guaranteed by the fact that
By, — By, = 0; ~ £~1/6 and the observation that S~/2-1/6 = 3=2/3_ Finally, we note that

1 2m
29 ~m? + - 5 Bidt, (4.14)
0

i+1

which should not contribute at the scale 3/3 we are interested in (unless m is large). Nevertheless, we
will need to treat this term carefully because, for the mean-centred Brownian bridge we have

Blow(y [ Bar)] ==, (1.15

and extra arguments will be needed to cure this divergence.

For later purpose, let us also have a closer look at the volume constraint |V () —wR%| < C3~2/3. If
we substitute the expression (4.6 for V() and neglect higher order terms, then the volume constraint
becomes

\Z{ [(Re + pi)2 — R2)6; + M - 0195*}] <op2s, (4.16)

Making a few leaps of faith, we may approximate

- 2m
; L[(Re+ pi)? — R2)6; ~ %/0 ((RC [k — DBV (m + Bt))2 3 Rg)dt

-7 P ~1/2,\%2 _ p2 1 o 2
((Rc+[( 1] ) RC)+2(H_1)/3/0 BXdt,  (4.17)
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using that fo% Bidt = 0 for the mean-centred Brownian bridge. From the considerations above we

should expect the sum overall to be of order 8~2/3. Hence [(x — 1)8]~*?m should also be of order
B72/3, ie., m| = O(B~'/%). Later we will only prove that |m| = O(3/%), but this will turn out to be
enough for our purpose.

4.4 Global scaling: auxiliary random processes

If we substitute the approximation (4.9)) for A(z) into the surface integral in (4.3]) and drop error terms
and indicators, we are naturally led to the investigation of expressions of the type

> (mﬁ)"/ dt 1{t1§...§tn}/ dp [J(Re =2+ pi)"
R =1

neNg [0,27m)™
X exp <—ﬁ(fi — 1){2 (pZH Z } BCy 293> ({zi}iey), (4.18)
i=1

where f is some non-negative test function, and we recall (4.4 and (4.8)) (by convention the summand
with n = 0 equals 1). The Gaussian term (see also (4.11])) is conveniently expressed with the heat
kernel

Py(z —y) = \/2171'7 exp(—%), (4.19)

I S L) o
=t 4.20

ﬁ ( k= 1)B(pit1 — ) X H /276, =8O8}

Let us approximate R, — 2 4+ p; = R, — 2, drop the term ZZ ﬁi 0;, and change variables as x; =
(k — 1)8 p;. Then the integral in (4.18]) becomes

HB(R672) " - —BC16% n
S () Joamy s [ (ot =i e ) (g
(4.21)

and we have

With the help of

D ot = Y VERl = B BB = G A, (12)
—

and C; = G2 /24, the expression ([4.21)) is rewritten as

Z (51/305)"/ dt 1{t1§-~§tn}/ dx H(Pei($i+1 —x;)\V21BY3G 0, e 2460393) ({Zz}?:l)
Rro =1

n€eNy [0,2m)"
(4.23)

This expression motivates the auxiliary processes and the expressions Y, and Y7 introduced before
Theorem Moreover, 3 and & only enter in the combination /3G, (except possibly in the test
function f), which explains the scaling of the surface corrections in Theorem

The picture that emerges of the droplet boundary is that its deviation from 0Bg_(0) should be
of the order of 371/2, and that the boundary points are obtained by selecting points of a Gaussian
curve according to an angular point process. The process 7 has a number of points of order /3. We
may call this picture global since it describes the overall shape of the droplet — the Gaussian process
(Bt)te[0,2x) does not see the microscopic details.
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4.5 Local scaling: effective interface model

Equation (4.18)) suggests one last change of variables, namely, set

si =BG ti, @i=BY3G 1, Ui =sip1—si =BG 0. (4.24)
Note that 2, 0;
SV A R 4:29)
Then becomes
n%\:lo /0,2WGN61/3)" ds 1gs <<, /Rn dep E(Pﬁi(%ﬂ - @i)me_ﬁﬁi)f({zi}?d) (4.26)

or, equivalently,

n

Z / ds 1{5 <. <g }/ dgp exp 7iM _ Zﬁ f({zl n*l)' (427)
[0,27G,,B1/3)n 1=t Rn 2192 24 =

n€Np =1 =1

Let us finally return to the term -, p76; that we had dropped from ([.18). By (4.25), we have

=1~ 1 =L,
B B Zpiei:m;%ﬁi. (4.28)

i=1

Taking this term into account, we see that (4.27)) should be replaced by the more accurate integral

1 —~ o0 S (i — ) 0 n
/ de /[0,2wG5ﬁ1/3)" ds 1s <<, eXp<2Gzﬁ2/3 ;wiﬁl Z{ 20, + 24} f{ziisa)-

i=1
(4.29)
We may view the exponential, together with an additional indicator for the boundary points, as
the Boltzmann weight for an effective interface model, which is studied in detail in [23]. The term
W S, @29, plays the role of a background potential.

5 Stochastic geometry: approximation of geometric function-
als

This section collects a number of geometric facts that will be needed for the moderate deviations of
the halo volume. In Section [5.1] we prove a number of a priori estimates on the radial and the angular
coordinates of the boundary points, i.e., the centres of the discs that lie at the boundary of the critical
droplet (Lemma Proposition Definition and Corollary . These estimates play a crucial
role for the arguments in Sections In Section we show that the set of boundary points allows
for a local characterisation, in the sense that whether or not a 2-disc touches the boundary of the
critical droplet only depends on the centre of the two neighbouring 2-discs (Definition Lemma
and Proposition . In Section we derive an approximation for the volume and the surface of
halos that are close to a critical disc, in terms of certain sums involving the radial and the angular
coordinates of the boundary points (Proposition . In Section we do the same for the geometric
centre of halos that are close to a critical disc (Proposition nd Corollary . The a priori
estimates in Sections [5.1] allow us to control the approximations derived in Sections [5.3H5.4]

5.1 A priori estimates on boundary points

Theorem can be applied to sets of the form S = h(7), the halo of the configuration +. In particular,
the condition that the boundary 05 is close to a disc Bg with R > 2 is a strong restriction on the
geometry of the boundary points (21, ..., z2,) (recall Fig. [5).
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In this section we collect several a priori estimates and constraints that follow from the fact that
S = h(v) has a simply connected 2-interior S~ and dg(0S,0Br) < ¢. Remember the notion of
boundary points, connected outer contour O , and the polar introduced in Section and the polar
coordinates (r;,t;)7 ; and angular increments 6; from and . We write £,, or ¢; to denote the
ray from the origin passing through the point z;, and Agr . and Ar_2 yarepsilon t0 denote the e-annuli
defined as the closures of Br1.(0) \ Br—c(0) and Br_21.(0) \ Br—2-<(0), respectively.

First we show that the intersections of the boundary circles in 95 follow the order of the corre-
sponding boundary points:

Lemma 5.1. Fiz R> 2. If z € O and du(0S(z), Br(0)) < e, then as e | 0:
(a) z; € Ap—o,c for alll <i<n.
(b) The distance between any two points x,x’ € Ar_o. such that OBy(x) N 0By(z') N A # 0

satisfies
-2 V2(R—2)(R—4
|z — 2’| < 44/2 RT et/? — ( R3/)2( ) 32 1 0(7/?), (5.1)

and the angle 0., between the rays €, and £, satisfies

442 RV V2(3R(R —2) +8)
R(R—2) 3(R(R —2))3/2

100t | < e¥2 4 0(e7/?). (5.2)

(c) For every 1 <i <mn there exists a unique v; € 0Ba(z;) N OBa(zi+1) such that v; € Ap...

(d) The boundary 0S(z) consists of the union of closed arcs of the circles 0Ba(z;) between the points
v; and vi+1, 1 <1i < n, contained in Ag. (with vp41 = v1).

Proof. The proof is based on a number of geometric observations.

(a) This claim is immediate from the fact that disty(0S(2), Br(0)) < € and that each z; is a boundary
point with Bs(z;) C Br+<(0) and 0Ba(z;) N Ar.e # 0.

(b) Let v € 0By (x) N dBz(a') N Ag,. To get the bound in (5.I), we note that the maximal distance
between z and 2’ and the maximal angle 6 consistent with the condition v € Ag . and z, 2’ € Ag_2.
occur when v € 9Br_.(0) and z,2’ € OBr_21.(0), i.e., when the ray Ov is orthogonal to the segment
z2'. Assume, without loss of generality, that v = (R — ¢,0) and z,2" = (x¢, %yo) with x3 + y2 =
(R —2+¢)% Then the condition v € dBs(z) N dBa(z') reads

(R—e—w0)*+y5 =4, (5:3)

R(R—2)—2e+¢2

y o and implies

which, in combination with the equation 22 +y3 = (R —2+¢)?, yields zg =

/|2 _ 4yg _ 32(115_ 2)6 _ 16(R _;)2(]% — 4) 52 + 0(53)7 (54)

max|r — x

o )
which settles

(c) Let {v;,v)} = 0Ba(z;) N OBa(zi+1) and consider the boundary piece 9(Bz2(z;) U Ba(z;+1)). This
consists of two arcs, C; C 0Ba(z;)) and C;y1 C 0Ba(zi41)), both ending in the points v; and v}. A
necessary condition for both z; and z;4; to be boundary points is that both arcs C; and C; 1 intersect
the annulus Ag .. If, in addition, v;,v; ¢ Ar ., then we get a contradiction with the assumption that
both z; and z;41 are boundary points. Indeed, consider the line ¢ through v, and v; (and through
Z; = %(zl + z;+1)) and the intersection point p; = £ N IdBr_.(0) as shown in Fig.

There exists j # 4,7 + 1 such that p; € Ba(z;). Otherwise there would be a gap in the boundary
0S5(z) along £ N Ag .. Assuming, without loss of generality, that the line segment z; z; intersects the
ray ;41 (in view of , this segment cannot intersect both ¢;41 and ¢;_1), we conclude that if
p1 € Ba(z;), then also pa € Ba(z;), where ps is the reflection of p; with respect to the ray £;1,. But

which settles (5.1). For the corresponding angle, we have |tan 4| < % and hence 0] < 2arctan(£2),
(5.2)
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Figure 6: The boundary points z; and z;+1 and the intersection v; of their halo circles. The upper circle on
the right has centre z;. The dark shaded region is the intersection of the disc B2(p1), the annulus Ar—2. and
the halfplane to the right of ¢;;1. The light shaded regions are the annuli Ar . and Ar_o ..

then also 0B2(2i+1) N Ag,e C Ba(z;), which is in contradiction with the fact that z;;1 is a boundary
point. Note that there is a severe restriction on the position of the point z;: it has to be contained in
Bs(p1). The allowed region is shown in Fig. |§| in a darker shade. Thus, necessarily, v; € AR, while
v € BR_a_., because v} is a reflection of v; with respect to z; € Ar_a..

(d) If the arc of the circle Ba(z;) between the points v; and v; 41 is intersected by a circle 0Bs(z;) for
some j ¢ {zi_1,%i, ziy1}, then necessarily {v;,v;11} N Ba(z;) # 0. Similarly as above, assuming that
the line segment z; z; intersects the ray ¢, and knowing that v; € Ar . N Ba(z;), we get that also its
reflection with respect to the ray ¢; 11 belongs to Bs(z;), which implies that (0Bz(zi+1)\B2(zi))NARr. C
Bs(z;), in contradiction with the fact that z;41 is a boundary point. O

Let
pi:T‘i—(R—2), (55)

and note that r;41 — 7; = p;+1 — p;. Abbreviate

Z = %(zz +zit1), Pi= %(Pi + pit1)s
pPi COS tl' = %(Pz COS ti + Pi+1 COS ti+1)a Pi sin ti = %(pl sin ti + Pi+1 Sinti+1).

Proposition 5.2 (A priori estimates for angular and radial coordinates).
Fix R>2. If z € O and du(05(z),0Bg,(0)) < e, then as e |0,
. o g — -1 _
pax |pi| = O(e),  max 0; = O(Ve), max |pix1 —pil/0i = O(Ve), n™" =0(e). (57
Proof. The first estimate in (5.7)) is a trivial consequence of dp(9S(z),0Br(0)) < e. The second
estimate is the bound (5.2) in Lemma b). The fourth estimate is a consequence of the second
estimate. Indeed, if maxi<;<, 60; = O(yv/2), then n=! < (2m) ™! maxi<i<, 0; = O(\/2).
The third estimate is slightly more involved. Omit the index ¢, similarly as in the proof of
Lemma C)7 and consider points z, 2’ € Ag_s . with polar coordinates z = (r,0) and 2z’ = (+/,0),

with § >0, 0 = O(y/2), 7' =7 — 3§, § > 0. Our aim is to evaluate the fraction J.
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To maximise ¢ for fixed 6, we assume that r = R — 2 + ¢ and that the point 2z’ is chosen so that a
point v on an intersection dBz(z) N dB2(z") lies on the inner boundary of Ag ., |v| = R — . We need
to find v = (z,y) € 0BRr+(0) N 0By(z) satisfying the equations

Pyt = (R—e), (v (R—2+e)?+y? =4, (5.8)
which yield
—2)—2 2 —2)—2 2\2 R(R—-2)(2-
x:R(R ) E—H:7 —\/(35)2(R(R ) 6+€> :2\/ ( )( 5)5—:.
R—-2+¢ R—-2+4¢ R—-2+c¢
(5.9)

The fact that v € 9Bs(z’) implies that § determining the position of the point 2’ satisfies the equation
(x—(R—2+4+¢e—08)sinf)? + (y— (R—2+¢c—6)cosh))® =4 (5.10)

Solving for 6 = §(R, e,0) and expanding into powers in € and 6, we obtain

R(R -2 3R? +4R -2
5/0 = —¥9+\/§\/R(R—2)\/E—%95+0(ﬁ02)+0(93) (5.11)
< VIR(R—2) vz + O(E62) + O(6%),
where we drop two negative terms. O
In the sequel we will need four sums involving 6;, p;, which we collect here.
Definition 5.3. Fiz R > 2. Recall (4.4) and (5.5)-(5.6). Define
yi(2) =207, ya(2) = X (o1 — p)* /05, y3(2) = X 0i0s,
lzl 'Lil Zil (512)
ya(z) = - pibi, ys(z) = > 0;picosty, yo(z) = 2 0i pisint;.

@
I
-
-
I
-
-
Il
—

These expressions will appear in the expansions in Propositions and below. The following
estimates will play a crucial role in the sequel. Note that y1(z),y=2(2),y3(z) are non-negative, while
y4(2),y5(2), ys(2) are not necessarily so.

Corollary 5.4 (A priori estimates for sums in approximations).
Fix R>2. If z € O and du(05(z),0Bg,(0)) < e, then as e |0,

yg(Z) = 0(5)3 = 17 2747 53 6; y3(z) = O<€2)' (513)

Proof. Using the bounds (5.7]), we estimate

2 n 2 n
0<pi() < (max 6) X 0:=0(),  0<p(2) < ((max =) 556, = 0(e),

1<i<n 1<i<n i

0 < ys(=) < (max [pi) 3 0: = 0, lya(2)l s (=) s ()] < ( mmax |pi]) 32 0: = Oe).

1<i<n i=1 1<i<n i=1 ( )
5.14

O

5.2 Locality for boundary determination

In this section we present a crucial property of the boundary points, namely, their location is constrained
only by the location of the two neighbouring boundary points (Proposition below). This property
will be used in the proof of the lower bound in Theoremcarried out in Section (see, in particular,
the proof of Lemma [8.3). It also plays an important role in [23].
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Definition 5.5.

(a) Let z = (#i)1<i<n = ((ricost;,r;sint;))1<i<n be a sequence of points in Ar_a. in polar coor-
dinates, ordered by angle, i.e., t1 < --- < t, (and with z,41 = z,). Suppose that for each pair
Zi, Zit1 there exists a v; € 0Ba(2;) NOBa(zi41) N AR . Note that this condition implies that S(z)
is well defined (S(z) is obtained by filling the inner part) and that 0S(z) C Ag.. However, the
condition does not necessarily imply that z € O, because possibly only a subset of z contributes

to 05(z).
(b) For any 1 <1i,j < n, let v;; € 0Ba(2;) N 0Ba(z;) be such that |v; ;| = max{|v|: v € 9Ba(z;) N

0Bs(z;) (if there is a tie, then take the intersection with minimal angle in polar coordinates). In
polar coordinates, v; j = (r; ; cost; j,r; ;sint; ;), r; ; € [R —¢€, R+ €]. Then:
(i) A point z; is extremal in z if Ba(z;) N 0S(z) # 0.
(ii) A sequence z is a set of boundary points, i.e., z € O, if each z;, 1 <i <mn, are extremal.
(i) A triplet (2,25, 2,) with t; < t; < ty is called an extremal triplet if (B2(z;) \ Br-c(0)) \
(Ba(2i) U Ba(2k)) # 0.

We need the following lemma.

Lemma 5.6. Let R > 2 + 1=.. Consider two points x,x" € Ag_s.. Set {v,v'} = 0By(x) N B (")

and suppose that {v,v'} N Ag . # 0. Then the following hold:

(i) Ezactly one of the vectors {v,v'} = 0Bg(x) N 0Ba(a’), say v, is in Ar.. The other is in the
interior of the ball Br—_(0).

(ii) Letx = (rcost,rsint), ' = (v’ cost’,r’ sint’) and assume thatt < t'. Let H be the halfplane with
the boundary consisting of the line vv' containing the point x'. Then Bs(x) N H C Ba(z') N H.

(1ii) A triplet (z;,zj, zi) with vj € Age is extremal if and only if t; ; < t; .

Proof.

Figure 7: Tllustration to the proof that v' € Br_.(0).

(i) Choosing a position of v in Ag ., we see that the points « and 2’ necessarily lie on the arc 9Ba(v) N
AR—2,. Thus, the barycentre s = 1 (z+a'), which is the centre of symmetry of the union By (z)UBs(z'),
is contained in 0Bs(v) N Ag—2.. The point v/ is symmetric to v with respect to the barycentre s:
v’ = s — (v—s). Suppose, without loss of generality, that v = (0,y) with y € [R — €, R + €]. To show
that v € Br_¢(0), consider the most extremal case y = R — € when |v] = R —e¢. Indeed, for y > R —¢
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we could shift the points z and z’, and thus also v and v’, by the vector u = (0, R — € — y). The shifted
x + u, 2’ + u lead to the shifted v + v and v' + u. Notice also that necessarily z + u, 2’ + u € Ar_o
since  + u, 2’ +u € dB2(v) N Ag—2.+ u C dBa(v+ u) N Ag—2. in view of the fact that the point
v+u—2=(0,R—2—¢€) € Ag_2.. Now, if v/ +u € Br_.(0), then necessarily also v' € Br_(0).
Consider, in addition, the “most dangerous case” when s is asymptotically approaching the extremal
point By(v) N OBRr—24(0). Consider the tangent line from v to the disc Br_24.(0) touching in the
point 7. This tangent line intersects the circle Bgr_.(0) in v and a point ¥ symmetric with respect 7.
Clearly, if the distance ¢ from v to 7 is larger than 2, then the point v’ on the line vs falls short of
0BRr—.(0) and we get the claim. To show that ¢ > 2, we compute it from the rectangular triangle v70:

FP=(R-e)>-(R-2+e¢?=4R—-1)(1—¢) (5.15)

which yields £ > 2 if and only if R > 2+ =

(ii) The claim immediately follows by inspecting the union Bs(z) U Ba(z') with the intersection
points {v,v'} = OBa(x) N 9Bz(2’) and the symmetry with respect to the barycentre s.

(iii) Just observe that the condition ¢; ; = t;; means that the circle 9Ba(z;) is touching the set
0Bsy(x;) U dBa(xy) in the point v; . O

Proposition 5.7 (Local characterisation of sets of boundary points).

Let R > 2+ 1% and z = ((r;cost;, risint;))1<i<n be a sequence of points in Ar_s ., ordered by angle.
Then the following two conditions are equivalent:

(i) The set z is a set of boundary points, z € O.

(1t) Every triplet (zj—1, 2j,2j4+1), 1 < j < n, is extremal.

Proof.

(i) = (ii):

If (ii) does not hold, then there exist a j such that the triplet (z;_1, 2;, zj4+1) is not extremal. According
to Lemma iii), this implies that z; is not extremal in z and the condition (i) is not satisfied.

(i) = (i):

If (i) does not hold, then there exist either k > j or ¢ < j such that either v;_, ; € Ba(zx) N Ag, or
vj—1,; € Ba(z) N Ag. Consider the former case. We will show that, necessarily, one of the triplets

(Zj—la Zij+1), (Zj, Zj+1, Zj+2), ey (Zk_g, Zk—1, Zk) (516)

is not extremal, which breaks (ii). Indeed, if all these triplets were extremal, then we would have
i1y < tjjr1 < tjpigao < o0 < tp_op—1 < lp—1,k- Just observe that ti—1,; < tjjm because the
triplet (zj_1,2;,2j41) is extremal, ¢; ;11 < tj41,;+2 because the triplet (z;,2;11,2;42) is extremal,
etc. Now, given that t,_; < t; and the fact that the arcs 0Bs(2x) N Are and 0Ba(zk—1) N AR,
intersect only once at vi_1, all points © = (t,¢) € Ba(zp) N Are with ¢ < tx_1 belong to
By(zk—1). On the other hand, the point v;_1; = 0Ba(z;—1) N 0Ba(z;) N Ar. does not belong to
By(zj41), B2(2j12), ..., Ba(zk—1), Ba(zx). This is in contradiction with the condition that v;_q; €
BQ(Zk)

Proposition shows that 1@ﬁpé(0)(z) is a product of indicators involving triples of successive
boundary points. This means that the constraint given by O N D.(0) is nearest-neighbour only. This
simplifying fact will play an important role in the analysis of the effective interface model in [23].

5.3 Volume and surface approximation
In this section we derive approximations of two key quantities:

e (|S(2)] — kIS™(2)]) — (TR% — km(R. — 2)?), the volume of the sausage minus the volume of the
critical annulus (see Fig. [f)).

e |S(z)| — mR?, the volume of the halo minus the volume of the critical disc.
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For fixed k € (1,00), we write R. = R.(x) and introduce three explicit constants

K2 2K 1 k—1
—— (Cy=R.= , O3 = = . 5.17
6(k—1)3" 2 k—1" * T R,—2 2 (5:17)

Cr= RX(R.—2) =
Proposition 5.8 (Volume and surface approximation). If z € O and dp(9S(z),0Bg,(0)) < €, then
ase |0,

1S(2)] — TR2 = —Cfy1(2) + C5ya(2) + 3ys(2) + Caya(2),
(18(2)| = KIS~ (2)]) = (7RZ — km(Re — 2)*) = C5y1(z) + Cya(2) — Cays(2),

where Cf = [1+ O(¢)] Cy, k= 1,3.

(5.18)

Proof. The proof comes in 5 steps.

1. The halo S(z) is a disjoint union of n sets of area V; labelled by the boundary points z;, |S(z)| =
Z?:l Vi. Each of these sets is in its turn a disjoint union of 3 subsets: the triangle 0z; z;41 of V; 1),

the isosceles triangle z; z; 11 v; of area Vi(Q), and the boundary wedge z; v;_1 v; of area Vi(g) (see Fig. .
The areas are easily expressed in terms of the corresponding vertex angles, namely,

V; = Vi(l) + Vi(z) + Vi(3) = %T‘iri+1 sin6; + 2sin ; + 2, (5.19)

with ¢; denoting the angle between the line segments v; z; and v; z;41 touching at the point v;, and
«; denoting the angle between the line segments z; v;_1 and z; v; at the point z;. Similarly, we have
IS~ (2)] = >i, Vi, with

V.o = Agl) — B, = %ririﬂ sin; — 2(p; — sin;), 1<i<n, (5.20)

where B; is the area of the circular segment bounded by the line segment z; z; 11 and the arc of the
circle 9By (v;) subtending the angle ¢;.

o
i+1 P, sies

Figure 8: Volumes Vi(l), Vi(Z)7 Vi<3),

It is easy to show that

n

Zai = (pi+6:). (5.21)

=1
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Indeed, let us introduce angles 3; and ~; at the point z; between the line ¢; and the edges z; v;_1 and
z; v;, respectively (see Fig. E[) The angle j; is taken to be positive in the anticlockwise direction from
¢;, and ~; in the clockwise direction. Note that the angle §;11 in Fig. [d]is actually negative, while all
the other angles ; and «y; are positive. On the one hand, 8; +v; = o; for 1 <4 < n, and in the case
of the point z;41 in Fig. |§|7 @it1 = Bit1 + Yit1 = Yit1 — |Bi+1]- Nevertheless, a; = 3; +; > 0, which
is the condition that z; is a boundary point. On the other hand,

@i +0; = Biy1 + i, 1<i<n. (5.22)

It suffices to consider the triangles 0 z; z;41 with angles are 6;, T — (¥52* + ;) (the complement of the

angle 752 4 ; between the edge z; z;41 and the line ¢; obtained by adding at z; the angle v; to the

angle 752 of the isosceles triangle z; z;11 v;), and the angle m — (752 + 8;41) at z;41. This yields

O; +m— (552 + ) + 7 — (72 4 Big1) =, (5.23)

which implies ; + 6; = B;+1 + vi. Note that this reasoning remains valid for negative §; or 7; (check
the point z;11 in Fig. E[) Combining (5.22)) with the equation a; = ; + 7;, we get

n n

Zai = Z(%‘ + Bi) = Z%‘ + Z/Bi+1 = Z(‘Pi +0;). (5.24)
=1 =1 =1 =1 =1

As a result, we can replace the sum in [S(z)| = Y., V; by the sum Y., V/ with

V! = %7‘i7‘i+1 sin6; + 2sin@; + 2(¢; + 6;). (5.25)

Figure 9: The relations between the angles o, Bi, vi, 0:, @i-

2. Next, we split the volume of the sausage
(1S(2)] — K|S~ (2)]) — (7R — km(R. — 2)%) = [|S(2)| — mRZ] — &[|S™(2)| — m(R. — 2)°] (5.26)

and rewrite the two terms as

. - (5.27)
1S7(2) = m(Re — 2)% = 3" (Vi7 = §(Re = 2)%0;) = > (1P + 1Y),

i=1 i=1
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where 2
RZ
(’I“i + 2)29i — 791‘,

Ti20; — 3 22 Oi(Re — 2)%.
Thus, to compute the two quantities in we need to compute Y i, (I(l) —nlig))—i—zzl:l (IZ-(Q) —/{11(4))

and ZZ 1 Il(l —l—zl 1 11(2 Our aim now is to expand all the relevant terms in powers of 8; and p; 41— p;.

5.28
I® = v~ - 15720, I = >:28)

K2

IV =V, — (7 4 2)2%, J
1
2

l\')\»—l m\»—l

3. For the terms Ii( ) and Il-(4), we use (5.5 to get the identities

1) = Repib + 3520;, IV = (Re — 200, + 370, (5.29)

where again p; = 3(p; + pi+1). Since R, = k(R. —2) and C3 = £ (k — 1) (recall (5.17)), this in turn
yields
Ii(2) - /ifi(4) = —Cspi*0;, (5.30)

which accounts for the third term in the right-hand side of the first line of (5.18)). Also, recalling the
notation Cy = R, (recall (5.17))), we see that the first equality in (5.29) reads

= Copi 0; + $pi°0;, (5.31)
which accounts for the last two terms in the right-hand side of the second line of (5.18)).

4. The terms I, i(l) and Ii(g) are a bit more elaborate and require an expansion of some terms. Begining

with Ii(g), we use (5.20)) to rewrite the definition (5.28) as

Ii(g) = %Ti'f'i+1 sin0; — 2(p; — sing;) — %E‘Q@- (5.32)

Then, using ri7i11 = (75 — $(pit1 — pi)) (T + 3 (pig1 — pi)) = T5° — (E522)?

between the first and the third term in (5.32) as

, we write the difference

iririy1sing; — 7“1291 = —%EQ(@ —sin6;) — %(%)2 sin 6; (5.33)
= —L72(62 + 0(6)) — 5 (24572)  sin ;.
With the shorthand notation

for the length of the line segment z; z; 1, we express this in terms of the angle ¢; in the isosceles
triangle z; z;11 v;,

u; = 4sin(5). (5.35)
Inverting (5.35)), we get
¢i = du; + 1hud + O(uh) (5.36)
and thus
2(p; — sing;) = 5qud + O(ud), (5.37)
which together with (5.32)) and (5.33)) implies
18 = — 17208 — Lud — (25220 6in g, + O(u?) + 720(67). (5.38)

Furthermore, substituting V; from (|5.25)) into Il-(l) defined in ([5.28) and comparing it with Ii(g) in
(5.32), we get
1D — 19 4 4, — 270, (5.39)

By (4.4) and (5.34), we have

u; = (r? + rfﬂ — 21741 COS 91-)1/2. (5.40)
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Approximating u; by 27; sin(%), we express the error E; as

. 0, . 0, (pit1 — pi)? COSQ(&)
E; = u; — 2r;sin(%) = 27; sin 9 14+ 22 1. 5.41
R <\/ (5P o4l

>

Whenever z € O and du(9S(z),0Bgr,(0)) < e, we can use Proposition which implies that 77 =
R. — 2+ O(g), maxi<i<n |pi| = O(¢), maxi<i<n 0 = O(V/€), and maxi<i<n |[pi+1 — pil /0: = O(VE).
With help of these bounds, we get

V2 cos2( b 1= )2
(pw[lw;ﬁ(ei)]Q(z) — 1+ o) P = S _ o) (5.42)
and thus
Ei = Qrﬁsin(%)% (””[12_”.”)?50;2(%) [1+0(e)] = %M[l +0()] = 0(3?).  (5.43)
T3 sin( 5 iU

For u; as determined by ([5.41)), where we keep explicitly the terms up to order 0(53/ 2), we get
L — )2
Uu; = 27"7sin(5’) +E,=7; (9 —[14+0(e )] +[1+0(e )}%%) (5.44)

and thus also
ul = (7:6;)%[1 + O(e)]. (5.45)
Using the last two equations jointly with (5.36]), we get

dip; — 2770; = (W + B - 4671+ 0()) (5.46)

Combining this with (5.38) and (5.39)), and absorbing the term (p;11 — pi)29i into WO(&), we
get

Ii(l) _ ((Pz+; . pi)° %(ﬁ_’_ 2)20;?,)[1 +0(e)] (5.47)
and )
1Y~ k1® = (7(””;; P _ TE+2) (24 (1 - 2#;)77-)9?) [1+0(e)]. (5.48)

5. Using that R, = k(R. — 2), 7; = R. — 2 4+ O(e), and applying Proposition ([5.2)) once more while
referring to the definitions in ([5.17)), we arrive at

Y = (c % 0193) [1+0()] (5.49)

and )
I — k1® = (Cg,(p"“e_") + Cﬁf’) (14 O(e)). (5.50)
Recalhng 5.27)), inserting (5.30)) and | and summing over ¢, we find the first expansion in
, and summing over ¢, we find the second expansion

(15.18 Recalhng 5.27)), inserting (5.31)) and (5.49| 1
in 1- O



33

5.4 Geometric centre of a droplet

For z € O, we define the geometric centre of the halo shape S(z) as
C(z)*#i?u- (5.51)
Z;’L:l w; P (i3] N

where Z; = £(2; + zi4+1). The centre C(z) may be thought of as the baricentre of the boundary OP(z)
of the polygon P(z) obtained by connecting the boundary points z; with the line segment of length
u; connecting z; and z;4+1 (see Fig. E[), and Z?zl u; is the perimeter of P(z). This notion of centre is
adopted for mathematical convenience, the principal feature that we need is that to leading order, the
centre is given by the discretized Fourier coefficients %y5 and %yg. Other definitions of centre might
work equally well, but we stock with the above.

We will need the fact that the centre C(2) is not too far from the origin.

Proposition 5.9 (Centre approximation).
Let P(z) be the polygon associated with z. If z € O and du(9S(z),0Br,(0)) <e¢, then ase ] 0,

C(z) = (X1(2), X2(2)) (5.52)

with (recall Definition [5.5)

(=) =~ 4s(2) + 01 (2)) + O(ys(2)) + Ols(2)) + Ol (2)]),

—

(5.53)
Z2(2) = —y6(2) + O(y1(2)) + Oy2(2)) + Olys(2)) + O(|ya(2)))-

Proof. We give the proof for ¥; only. The proof for ¥, is similar. Recall that, in polar coordinates,
zi = (r; cost;, i sint;) and t; 41 — t; = 6;. We begin by writing

i+1

n 2 n t
Z 0;cost; — / dt cost = Z/ dt (cos t; — cos t), (5.54)
i=1 0 i=1 7t

where in the left-hand side we have simply subtracted 0. Substituting 7 =t — ¢;, we get

>

tit1 %
/ dt (cost; — cost) = / , dr (%[cos(t} + %) + cos(t; — &)] — cos(t; + T))
; o

. 0,
:/ _ dT(COSEiCOS%—COS(LTi—‘rT)) :/
— cost_i/ 2_ %72 dr +0(63) = 0(63).

2

ol
wolS

5)

dr (cos t;(cos % — cosT) + sin; sin T) (5.55)

53

I

v}
v}

)

Note that in passing to the third line we used that | _a;( 32 sin 7 d7 = 0. Consequently,

Zn: 6; cost; = O (Z 9?) . (5.56)
=1 =1

Next, define
n
(Z1,%5) = > Zu. (5.57)
i=1
Use (5.44) to write
P - rcostm |6 1+0 03 140 1(Pi+1—ﬂi)2 558
1—27“1'008 iTi i_[ + (5)]ﬂ+[ + (€)]§W . ( . )

i=1
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Substituting r; = (R. — 2) 4 p; (recall (5.5))), we can write

7ic08t; 73 = (Re — 2)%cost; + (R. — 2)p; cost; + (R, — 2)p; cost; + P pi cost; (5.59)
and insert this expansion into ((5.58)). We estimate each of the four terms in (5.59)) separately:
(1) The term with (R. — 2)?cos?; can be estimated via (5.56) and gives O(y1(2)) + O(y2(2)).

(2) The term with (R. — 2)p; cost; gives (R. — 2)ys(z) + O(e)[O(y1(2)) + O(y2(z))], where we use the
a priori estimates in Proposition which imply |p; cost;| = O(e).

(3) The term with (R, — 2)p; cost; gives
(Re = 2)ys(2) + O(1(2)) /2O (y2(2))/* + O(£) [O(31(2)) + Oly2(2))]- (5.60)
Indeed, observe that

picost; = p;cost; — i(pi+1 — pi) (cost;tq1 — cost;) (5.61)
and use the same estimate as in (2) plus the bound
— iz 0;(pir1 — pi)(cost;r1 — cost;)
i=1
N 1/2 . 1/2 (5.62)
pz 1= :
o(Ze pe-nl) =0 (52228 ) o (s
i=1 i=1 i=1
(4) For the term with p; p; cost;, note that
‘pi costi| = ‘%((ﬁl — L=l cost; + (p; + LEEEE) costiﬂ)‘
(5.63)

$(pig1 — pi)(costiyy —costy)| < |p;| + 5¢bs,

where we use |p;| < € from the a priori estimates. With the bound (5.63)), we can check that overall
the term with p; p; cost; gives rise to

O(ys(2)) + O(e)[O(y1(2)) + O(y2(2))]- (5.64)
Collect terms to get

2 = 2(Re — 2)ys(2) + O(y1(2)) + O(y2(2)) + O(ys(2)). (5.65)

Finally, use to write

32

Zuz = Z (9 —[1+0@E)% +[1+0( )]%7@1;20@) ) . (5.66)

A similar substitution gives
Zui =2m(R. — 2) + O(y1(2)) + O(y2(2)) + O(|ya(2)]), (5.67)
where we used that Y. | 6; = 2r. Combine (5.51), (5.57), (5.65) and to get the claim. O

An immediate consequence of Corollary [5.4] and Propositions [5.8}{5.9] is the following.

Corollary 5.10 (A priori estimates volume, surface and centre).
If z € O and du(0S(z),0Bg,(0)) < e, then as € | 0,

|S(2)| — R? = O(e), (|S(z)| — /1|S_(z)|) — (ﬂ'R? — km(Re — 2)2) = O(e), (5.68)

and

1C(2)[loc = max{[%4], [Sa[} = O(e). (5.69)
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6 Stochastic geometry: representation of probabilities as sur-
face integrals

In Section [6.1] we prove that the contribution to the free energy coming from halos that are not close to
a critical disc either in volume or in Hausdorff distance is negligible (Lemma , and that the centre
of the critical disc can be placed at the origin (Lemma . In Section we show how to rewrite
the integral over halo shapes in (|1.14)) representing the free energy of the critical droplet, by tracking
the boundary points (Lemma @];ng Corollary [6.4)). In Section we introduce auxiliary random
variables, list some of their properties (Lemma and rewrite the integral over halo shapes as an
expectation of a certain exponential functional over these auxiliary random variables (Proposition .
The latter will serve as the staring point for the analysis in Sections

6.1 Only disc-shaped droplets matter

For §,¢ > 0, define the events

Vs = {'y el: |V(y) —nR?| < 5},

(6.1)
D, = {vy€T: du(dh(v),0Br,(z)) < € for some x € T},

i.e., the events where the halo is d-close to a critical disc in volume and e-close to a critical disc in
Hausdorff distance. From Theorem we know that, for ,¢ small enough, on the event Vs N D,,
h(7y)~ is connected and simply connected. First we check that we need not worry about Vs N D¢ with
D¢ =T\D.. Put

5(8) = B3, (6.2)

Lemma 6.1. For every C € (0,00) and all € > 0 small enough, there exists a n(¢) > 0 (independent
of C) such that, as § — oo,

uﬁ(\V(y) — TR < CB 23, 4 ¢ ps) < o~ Bl+o(DII" (TR2)+n(e)] (6.3)

Proof. Fix C € (0,00) and € > 0. Note that Vgg-2/s C V. for 3 large enough. Since V. N D¢ is closed,
we can use the large deviation principle for the halo shape and the halo volume, derived in Theorems

and to bound

1
li =1 — 7R3 < CB2/3 D.)<— inf I(9). A
imsup Flomns (IV() ~ 7R < CB7F ¢ D) <= __inf  I(S) (6.4)

In view of (2.3 and (2.4, we are left with the minimisation problem
inf{|S|—n\S_|: s€vgm>g}. (6.5)

If |S| = 7R?, then on the event V. we have |[R* — R2| < £. Let 7 be such that e = \/4Rn + n?. Then,
by (2.7)—(2.8) in Theorem on the event D¢ we have |S| — k[S™| > (7R? — k(R — 2)?) + 2mkn.
But (7R? — k(R — 2)?) — (7R? — kn(R. — 2)%) = —7(k — 1)(R — R.)?, while n = % + O(e?) and

(R—R.)? = lonm + O(£?))? for € | 0. Therefore we get

1 /k—1\2
_ -I> 2 _ _9)\2 T N2l (T 3 )
1= kIS = (TR = pr(Re =2 + (o), n(e) = T =1 [1- 5 (=) [+ 0, (6.6)
where we use that R. = 2k/(k — 1). Consequently, (6.4) yields
. 1 _ .
lim sup 5 log uﬂ(\vm — TR <CB3 v ¢ Ds) < —I*(xR2) —1(e) (6.7)
—o0

with 7(e) > 0 for € small enough. O
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Next we check that on the event v € D, = |J, o1 D:(x), we need only consider only consider droplets
that are close to Br_(0). Here we exploit the translation invariance of the system. For d,& > 0 and
x € T, define the event

Cs(z) = {7 €T: max(2y(2), Ba(2)) < 5}, (6.8)

i.e., the centre C(z) = (21(z), X2(#)) of the halo shape S(z) is d-close to x (see the beginning of Section

5).

Lemma 6.2. For every C € (0,00), every € > 0, suitable k = k(e,C) > 0 and &' = &'(¢,C), and all 8
sufficiently large,

s (vcﬂ_m N De) < B g (Vcﬁ_m N Der(0) N Cropsrs (0)). (6.9)

Proof. If Oh(7) is e-close in Hausdorff distance to the boundary of a disc of radius R., then by Corol-
lary the centre C(z) of h(y) is (C’e)-close to the centre of that disc for some C’ € (0,00). Let
G5 C T be the grid of linear spacing §. It follows that

Ip. o) <1p. < Y Leos(2) N Dy coryes (@) (6.10)
z€Gys

Because the torus is periodic, every indicator contributes the same. By picking § = kB~2/% with

k=C/2and &' = (1+ C")e+ C§(B)/2 we deduce from (6.10) that
%] (VC,B—2/3 N DE) < |Gk5—z/3| ns (VCB—2/3 N D (0) N Ck6—2/3 (0)) (6.11)

Clearly, |Gy g-2/5| = O(B*/?) < exp(o(B/?), hence the proof is complete. O
Lemmas and leave us with the task of bounding js(Veg—2/s N Der(0) N Cyp-2/2(0)) from
above. For the lower bound, it will be enough to bound ps(Vcg-2/3 N D(0)) from below.

6.2 Integration over halo shapes

Lemma 6.3. Let II, be a Poisson point process of intensity a in T. There exists a constant ¢ > 0
such that, for e > 0 small enough and every bounded test function f: S - R, as a — oo,

E[7(h(112)) Ln.en.op] = [1 - O] e 30 & [ a2 (SO ) (2). (612)
neNg "

Proof. For z € O, define

m
ra(S(2) = ) %/Tm dy Lingua=s(=)}- (6.13)
mENg
Clearly, - N
ra(S(2)) = mz@:[o % /Tm dy Linuscse)y — mze;b % /Tm Ay 1{nus)cso)) 61
= 51— py(2)),
where

Palz) = ]P’(h(Ha Uz) C S(2) ] I, C S(Z)*), (6.15)

is the probability that the halo has a hole. We argue as follows. Any configuration ~ with halo
h(y) = S(z) must be of the form

vy=z2Uy forsome z={z1,...,2n}, Y=y, -, Ye_n}t, £>mn, (6.16)
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where y represents the set of interior points of the configuration, i.e., Bo(y;)N0S(z) = 0 for 1 <4 < f—n.
Therefore, for every bounded test function f,

]E[f(h(l'[a)) Lin,ep. (o)}]

_ el 3 g'/d'yf )) 1p.0)(7)

(et
_ el %: " ;} ( ) / dz f(5(2)) 1o, (0)(2) /T Y Lggua—s()

= el n%; / dz f(S(2)) 1p;(0) (2 )g(fi;)!/w_ndy Lin(yuz)=s(2)} o
— —olT| n§0 n'/ dz f(S(2)) 1p(0)(2) ra(S(2))

- wg L 42 S8 10 (2) T L= pa(2):

We get the claim in (6.12]), provided we show that there exists a ¢ > 0 such that, for ¢ small enough
and uniformly in 2 € Ci54,(0) N DL(0),

Pa(2) = O(e™Y). (6.18)

(

The proof of the latter goes as follows. Let I “) he the Poisson point process on S(z)~ with intensity

«. Then

pa(z) = P(R(IEX U2) € 5()) = B(R(IZX) € S() \ h(z)) = B(h(IE?) € 5(2)7)

(6.19)
- IP(EIy € S(z)": 53 N By(y) = w) < IP’(EIy € S(2)": I8 A [By(y) N S(2)7] = @).

In order to bound the last expression in (6.19)), we discretize. As in the proof of Lemma we consider
the grid G5 C T of linear spacing 0. For every y € T there exists an « € G5 such that Ba(y) D Ba_s(z).
Therefore

P(3y e S(z): 5N [Ba(y) NS()7) = 0)

IN

3 ]P’(Hi(z)ﬂ[Bg_g(a:)ﬂS(z)’] :(/)). (6.20)

z€GsNS(z)~
It is easy to see that there exists a ¢ = ¢(R.) > 0 such that, for & small enough,
z€DL(0) = VzeS(z) :|BAizx)NS(z)7|>c. (6.21)

Analogously, for all x € G5 N S(z)~ we have |Ba_s(x) N S(2)~"| > ¢ — O(J). Combining (6.19)—(6.21)),

we get

Pal2) < |Gsle™c0TOO) < |T|§=2 emcatOW), (6.22)
Choosing § = ca~2/3 we get the claim in (6.18). O

We next observe that

HBIT|

I (h(v) €A ye DE(O)) = E[e_ﬁv(n“ﬁ) Lin(,peay Hiep. 0} |5 (6.23)

Zp
where we recall that Z5 = e~ AU=rm)[TI+o(1) " Applying Lemmawith a = k3 and with test functions
of the form

f(S)=e?1811,4(S), A C F measurable, (6.24)
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and abbreviating
A(z) = (15(2)] — IS~ (2)]) — (xR — r(Re — 2)?), (6.25)

we easily deduces (4.3)). Specializing the choice of the indicator 14, we obtain the following corollary.
Define the analogue of (6.1)) and for connected outer contours rather than configurations,

:{ze(’)' [V ( )—WR2\<(5}
C5(0) = {z € O: max(31(z),82(2)) < 6}, (6.26)
D.L(0) Z{ZEO. du(0S(z ),8BRC( SS}

Corollary 6.4 (Representation as surface integral). There exists a ¢ > 0 such that for every C € (0, c0)
and all € > 0 small enough, as 5 — oo,

15 (VCB,Q/S ND.(0) N Coposss (o)) - [1 . O(e‘“ﬁ)] =BT (xR TUB (. 5. (1 o)

) (6.27)
15 (vcﬂ,m N DE(O)) - [1 - O(e_c””ﬁ)] e BT ("R ILB (k. 5. ¢)
with (+6)
KB)" _BA(2
IYP(k, B;C,e) = Z o /Tn dz e P4 )1V/6_2/3nc’cﬂ_m(o)mpg(o)(z),
netlo (6.28)

n.
neNg

T'B(k, 3;C,e) = Z (k)" dz e P2G) 1., (2)
s My Yy - | . VCB_2/3H'D;(O) .

6.3 From surface integral to auxiliary random variables

The following notation allows us to avoid indicators that order variables. For (¢, p) € [0, 27)™ X R™ with
t = (t1,...,tn) pairwise distinct, let o € &,, (the set of permutations of {1,...,n}) be such that 0 <
o) < - <lgmn) < 27. We abbreviate (t(i), 7‘(1-)) = (tg(i)ﬂ'g(i)) and (t(n+1),T(n+1)) = (t(l) + 271’,7‘(1)).
The reordering depends on the vector ¢, but for simplicity we suppress the t-dependence from ;) and
L()-

The following lemma can be viewed as a relation between measures on the space of marked point
processes.

Lemma 6.5. For every non-negative test function f on ([0,00) x [0,27])"™ with f(0) =

> (kbR 2))" /n dr /[07277)” t exp( " Zj; (rivn) = 7"@)2) (st

ey tit1) — L)

_ 27rG5/‘5/d E m+BT )} )IJ—V[ /27TG,€51/3@] (6.29)
i=1

Vik=1)5"
Proof. We revisit the computations from Section 4.4} Put
x; =2(k —1)8 pi, pi=1i— (R.—2), (6.30)

and set 0; = t(;11) — t(i), where t(, 1) = t(1) + 27, and fi(z) = f({(r;,t:)}7-;). Let Pg(m —y) be the
heat kernel, see (4.19). Proceeding as in Section we see that the left- hand side of is equal to

> n.( GoBY%)" / dtH\/ (2m)BY/3G.0; | dx fi(x HPQ T(it1) — T(i))- (6.31)

neNy R

We first evaluate the inner integral for fixed n € N and ¢t € [0,27)™ with ¢; < -+ < t,, so that
(t@),r@)) = (ti,ri) and @341 = x;. Change variables as  — (71,25, ...,2),) with 2} = z; — ;. The
inner integral becomes

Rn

dz fi(z HP@ T(iq1) — T()) = /dxl/R da’ fi(zy, 21 +2) HP@ T — ), (6.32)
not =1
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where 2] = 2,1 = 0. From the semi-group property of the heat kernel, we get

— (6.33)

/R o [ Pou(wly = 2) = Py o, (000 = 21) = Por(0) =
" i=1

-

Next we note
_ n 1 _ —~
/ dzy / dz’ ft(zl,xl + 1:/) HPQ" (x;_H — ZE;) =27 / dzy ]E{ft ({SL‘l + Wti}?:l):| (634)
R Rn—1 =1 R
(think of 2} = Wt) Furthermore, for every non-negative test function g on path space,

]E{/Rdxlg(xl+W)} =E

]E[/Rdxl g+ W) | (Wt)te[o,%lw
(6.35)

]E{/Rdmg(TrH—B)

(Wt)tE[O,Qw]}

:]E[/Rdmg(rrH—B)},

where we have changed variables m = x; + M with M = % 027r dt Wt. It follows that

/ndxft HPQ T(is1) — :c(l)/Rdm\/ﬂ_lE{f<{<m(:_Bz(;)ﬂ,t(i))}j_l)}. (6.36)

=1

This holds as well when the ¢;’s are pairwise distinct but not necessarily labeled in increasing order.
The case When t =1t for some 1 ;é j has Lebesgue measure zero and need not be considered. Denote

the value in by g(t). Then reads

M Z —(GB)" /O - dt H,/ (2m)BY/3G 0; g(t (6.37)

n€Ny
With the help of (2.20)-(2.21)), this expression in turn is equal to

1 rGL B3 N
ol E[g({ﬂ}iV_l)E V2mG B3 | (6.38)

and the proof is readily concluded. O

The integral over m corresponds to a freedom of choice in the average height of the surface of the
critical droplet with respect to critical radius R., and constitutes a fine tuning of the volume. We will
later see that the integral is dominated by values of m that are at most of order 51/6.

Remember the process Z(™ = (Z »(m))f-vzl from (2.22) and (2.23) and the random variables Y, and

?

5?1 from (2.24). Further define (recall the definition of C; in ((5.17)))

N
N 1 ~
=1
N N
(BT1'+1 B BTi)
YQZZT g m+ Br,) ;. (6.40)

Proposition 6.6 (Representation of key surface integrals). The integrals in (6.28) equal
IUB(H, B; C, 6) _ e2ﬂG~31/3+0(51/3) E[GYO*CM?}G]

[ L0(e)(BY1+Ya+N)+Ly{™
></Rdm E{e (E)ENAY2 N +3Ys Lizemevy, . ne cs(m(ombé(o)}}’

ILB(FL, /B; 07 8) — QQWGNBI/S-H)(BI/S) E[eYO_CIBYI]

~ 1+-(m)
X/]Rdm E[eo(e)(ﬂY1+Y2+N)+2Y3 1{2(’")€Vc5(/3> (0)}}.

(6.41)
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where Cy = ﬁ.

Proof. Return to (6.28) and recall (5.17), Proposition and (4.2)—(6.26)). First we rewrite the
expression in (6.28) in terms of polar coordinates z; = (r;cost;, r;sint;), 1 < i < N, i.e, f’]I‘N dz
becomes [ dr fo )N dt Hfil r;. The latter product becomes

N

Hn =[R2+ p] =[Re — 2+ O@E)]Y = (R — 2)"[1 + O(e)], (6.42)

i=1
where the last equality uses the constraint Cj g (0) N D.(0) together with the a priori estimate from
Proposition In this way we obtain the factor (R. — 2)" needed for Lemma together with an

error term exp[O(g)N], which shows up as the term O(¢)N in (6.41). The factor e27GxB" s needed
to compensate for the exponent in the Poisson distribution of N (recall )

The Gaussian density in Lemmal[6.5]is obtained from exp[—BA(z)], more precisely, from the second
term in the expansion of A(z) in the first line of (5.18)), up to an error term O(e) in the constant
C5 = C3[1 + O(e)], which shows up as the term O(e)Y> in (6.41)). Hence Lemma [6.5] is applicable.
The first and the third term in the expansion of A( ) in the first line of - 5.18)) give rise to the term

—BCEY: + %Yg(m) (recall (6.30)). The factor H 1 V271G, B30, in gives rise to Yy. The

indicator is inherited from the original expression for the integral. O

In what follows we abbreviate

7 Asymptotics of surface integrals: preparations

Our primary task for proving Theorems in Section [§] is the evaluation of the key surface
integrals ZVB and Z'B in . In this section we collect some properties of the auxiliary random
variables appearing in Section [6.3] that will help us to estimate these integrals. This requires various
approximation arguments, including control of exponential moments and discretisation errors.

In Section we look at moderate deviations for the angular process and compute the leading
order contribution to the key surface integrals (Proposition and Lemma . In Section we
analyse the radial process, which is controlled by the mean-centred Brownian bridge introduced in

(Lemma [7.3)), and estimate two exponential moments involving the latter (Lemma [7.4}-

-D In Sectlon n 7.3| we focus on discretisation errors that arise because the mean-centred Brownian
motion is only observed along the angular process (Lemmas [7.6H7.9).

7.1 Moderate deviations for the angular point process

The key technical result of this section is the following. Remember }707 371 from ([2.24) and Yy, Y7 from
(6:39), G, and \(B) = G.B'/> from ([2.19) and 7, from (2.26)).

Proposition 7.1 (Leading order prefactor)

hm 51/3 logE[ YO*ﬁClYl] = —27G.(1—1,). (7.1)

Proof. The proof builds on an underlying renewal structure. Define the probability density
g« (u) = V2mu exp( Tell — 2—14u3> u € (0, 00), (7.2)
where 7, is given in (2.26). A close look at the relevant expressions in polar coordinates reveals that

E[eY076C1YI] = 727‘-G Bl (1 + Z 51/3 /[0 - do 1{2?;11 0; <27}
neN 2wt

Xl:[l( 927G, 31730, ¢ G9)>

(7.3)
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where 0, = 2 — Y7 6;. (The factor 2 represents the number of ways to rotate a configuration in
such a way that the origin falls within in an interval of average length 2%, and is similar to a factor
appearing in the definition of stationary renewal processes.) Rewrite (|7.3)) with n-fold convolutions of
s as

2
E@%%@“]:g%QWMG+ﬁ%@w@«aw“§IWQQMQmaEBQ. (7.4)
n
neN

If the factor 27” were absent, then the sum over n would correspond to the probability for a renewal

process with interarrival distribution g, to have a renewal point at time 27G,.5'/3 given that it has

a renewal point at time 0. For large time intervals standard renewal theory tells us that the renewal

probability converges to the inverse of the expected interarrival time, which is finite. Therefore we

may expect the inner sum to converge and the overall expression to behave like a constant times

G.BY3 exp(—2nG.BY3(1 — 7.)). Remember that 7, > 0, so the contribution from n = 0 is negligible.
For the proof of the upper bound in (7.1)), we bound the sum over n in by

2r R(27GLB'%)  with  R() = (g.)™"(0). (7.5)

neN

The quantity R(¢) solves the renewal equation

ma=%®+4m@%@ﬂw—w (7.6)

It follows from [16, Theorem 2, Chapter XI.3] and the smoothness of ¢ — R(¢) that

1
lim R({) = —s—— 7.7
Jim RO = g (7.7)
and hence limy_, o % log R(¢) = 0. Combining this with (7.4) and recalling 7. > 0, we get
: 1 Yo—BC1Y:
hén_)solip 717 log E[e™ | <27Gu(r - 1). (7.8)

For the proof of the lower bound in (|7.1)), we drop all except one term from the sum in ((7.4), i.e.,

)21

E[e*0" 1] 2 G 815> m G AT 2R () (20 G 5). (7.9)

This inequality holds for every n € N, and a proper choice will be made later. Let (X;);en be i.i.d.
random variables with probability density function g.. Then E[X] = p. with p, = fooo duu g, (u), and
(>°i, Xi — nps)/+/n has probability density function

pn(y) = v (g)™ (Vnnp. +y]). (7.10)

Put differently,
*7 1 T—Nplx
(2" (x) = J5 pa (=) (7.11)
By the local central limit theorem for i.i.d. random variables with densities (see [24, Chapter 4.5]), we
have

lim sup
n—oo yGR

Pa(y) — \/ﬁ eXP(—%)’ =0 (7.12)

with o2 the variance of X;. We now choose n = n(3) = |27G,.3'/3/u.|. Then 27G B3 = n(B) . +
o(1) and

1
Vn(B)

1 1

*n(B) 1/3y —
(g:)™7 (2mGLf7) ) V271G B3, N 2m0?

Pa(p)(0(1)) = [1+o0(1 (7.13)
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Consequently,
hm 51/3 log [(q*)*n(ﬁ)(Qﬂ'Gnﬁl/g)} =0 (7.14)
and so gives
hm mf 51/3 log E[e¥~AM] > 927G (1 — 7). (7.15)

O

Proposition is complemented by the following lemma, which will help us take care of small
perturbations.

Lemma 7.2. As§ |0,

lim sup logE[ 0(6)(5Y1+N)] = 0(9). (7.16)

B—ro0 51/

Proof. Let ¢ > 0 be an arbitrary constant that does not depend on . We write —cmin(1,C)d <
O(9) < e¢min(1,C1)d. Then

logE[eC5(ﬂ01Y1+N):| — log]E[eC6N+Y0—(1—66)561Y1} _ IOgE[eYO_ﬂCIYI] . (7.17)

The asymptotic behavior of the second term in the difference is given by Proposition [7.1} For the first
term, let 7.(cd) be the solution of

e /OO V2ru exp(—T* (c6) — 5(1 — cé)u?’) du =1. (7.18)
0

Thus, 7.(0) = 7. For sufficiently small §, the solution exists, is unique, and satisfies
Te(ed) — T = O(8) (610). (7.19)

Arguments analogous to the proof of Proposition show that

51/3 log E[e®N+Yo=(1=e0)BOMN ] = _o7(1 — 7,(cd)). (7.20)

Hence (|7.17)) yields

hm Bl—/logE[ e WCIHANI] — _or(1,(c8) — 7)) = O(9). (7.21)

A similar argument shows that

hm L o /3 log E[e~ 0P+ N)] — 0 (§). (7.22)

O

We close this section with the following observation, which will not be needed in the sequel but
is nonetheless instructive. Let P(0,00) denote the space of probability measures on (0, c0), equipped
with the weak topology, and put

M= {(:W) € [0,50) x P(0,00): /OOO du(a) a = 1} . (7.23)

Define
1 N
=% Z N (7.24)
i=1
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For (z,pu) € M with & > 0, define
Ir(z,p) = (zlogz — x + 1) + xH (u | EXP(1)), (7.25)

where EXP(1) is the exponential distribution with parameter 1, and H(u | EXP(1)) is the relative
entropy of p with respect to EXP(1). For (0, ) € M, define

Ir(0,p) =  liminf Iy (z,v), (7.26)
(z,v)—(0,u):
>0, v€P(0,00)
Then the family
N
Pl =——+=.L - N2>1 7.27
(e e 1v21)) ran

satisfies the weak LDP on M with rate 27G,3'/® and lower semi-continuous rate function Ir. (Not
all level sets of Iy are compact.)

7.2 Properties of mean-centred Brownian bridge

Covariance of mean-centred Brownian bridge. The following lemma clarifies the nature of the
process (Bt);e[0,2+] and will be used repeatedly later on.

Lemma 7.3.

(a) (Bt)iefo,2x] is a Gaussian process with mean E[B;] = 0 and covariance E[B;B;] = k(t — s), where

k(t) = ﬁ (= ¢))? — 7%] + % (7.28)

(b) For every continuous function f: [0,27] — R,

Ele 2m A fHB] = e~ 2 (LES) (7.29)

with (-,-) the scalar product in L*([0,27]), and g(t) = (K f)(t) = 0277 dsk(t — s)f(s) the solution
of =g"(t) = f(t) — & 0277 ds f(s), g(2m) = g(0) and fo% dsg(s) =0.

Proof. (a) (Bt)icjo,2x] is a linear transformation of the Gaussian process (W;);e[o,2) and therefore is
itself Gaussian. The mean-zero property of B; is inherited from W;. The elementary computation of
the covariance is similar to Deheuvels [10, Lemma 2.1]. We provide the details to identify constants.
Set M = ;- 0% ds B;. Since E[W;W;] = min(s, t) we have, for s <1,

~ . st 1
E[W W] = min(s,t) — or = %S(QTF —t),
—~ 1 [ . ut 1
1 o T
E[M?) = — dt (2nt — %) = =
M) = o [ drm - = 5
and hence
1 2

(7.31)

By symmetry, the identity also holds for t < s.
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(b) (7.29) follows from standard arguments for Gaussian processes. The kernel k: [—27,27] — R

satisfies
2

k(t) = k(t +21) Vit e [-2r,0], dtk(t) = 0, (7.32)

and is twice differentiable with second derivative —1/27, except at ¢ = 0 where the first derivative
jumps from +% to f%. Let g = K f. Then g has mean zero and satisfies g(27) = ¢(0). Furthermore,
t 27
g )= [ dsk'(t —s)f(s)+ dsk'(t — s)f(s),
0 t (7.33)

§'(t) = K(O4) F(8) — K (0-) f(t) + / Cds fls) = —f() + / " ds (s).

For later purpose we record the variance of the increments, namely,

h2
E[(Bitn — Bi)?] = 2k(0) — 2k(h) = |h| — o (7.34)
Thus, for small time increments we recover the variance of standard Brownian increments. We also
record the covariance of two distinct increments, namely, for h,u > 0 and ¢t + h < s,

E[(Be+n — Bi)(Botu — Bs)| = i((5 tu—t—h)?—(s+u—1)"—(s—t—h)*+ (s - t)z)

) (7.35)

= ——hu.
2m

Thus, two distinct increments are not independent, however, for h,u | 0 the covariance is negligible
compared to the variance of the individual increments (since hu = o(h) 4+ o(u)). This will be needed
in Lemma [Z5 below.

Exponential moments for the mean-centred Brownian bridge. For k € N, define the random
variables

k 27 k 2 )
Ap = ﬁ/o dt By cos(kt), Ay = ﬁ/o dt By sin(kt). (7.36)

In view of Lemma these random variables are i.i.d. standard normal. They represent the Fourier
coeflicients of B, i.e.,

1 Ay Ar
B, = N %[k cos(kt) + k:k sm(kt)}, (7.37)

where the series converges in L?(0,27) P-a.s. The expansion in (7.37) is the Karhunen-Lo¢ve expansion
of the Gaussian process B (see Alexanderian [I], Deheuvels [10], and references therein).

Lemma 7.4. For every —oo < s <1,
2m —1
E {exp {%5 ( dth)” - 11 (1 - %) P-a.s. (7.38)
0 keN
For every —oo < s < 4,
27 -1
E [exp {%s (/ dt B} — A? — A’{2>H = H (1 - %) P-a.s. (7.39)
0 kEN\{1}
Proof. Note that ([7.37)) implies
2
/ dt B} =) " & (A7 + A7), (7.40)
0 keN

Since Ay, Aj are i.i.d. standard normal, the claim follows from the identity Efexp($uX?)] = (1—u)~1/2
when X is standard normal and u < 1. Apply this identity with u = s/k?, k € N to get (7.38). The

proof of (|7.39) is similar. O
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The next lemma allows us to subsume the error term O(e)Y> into the error term O(g)N appearing
in (641).
Lemma 7.5. Let 0 <ty < --- <t, <2, ty,41 =t1 + 27, and 6; = t;y1 — t;. For every s € (0,1),

1 - (Bti+1 _Bti)2 _
exp(QS; 5 ) SR i (7.41)

Proof. Define L; = (By,,, — By,)/v/8i, 1 < i < n. It follows from and (7.35) that (L;)i1<i<n is a
Gaussian vector with covariance matrix C' = (C;)1<; j<n given by

\/0:0,
Cij = 6ij — e 2. (7.42)

1

E

Hence C' = id — P, where P is the orthogonal projection onto the linear span of (1/6;/27); in
R™. Thus, C is the orthogonal projection onto the (n — 1)-dimensional hyperplane defined by {¢ =
(€)1 Yr, £;7/0; = 0}. Using orthonormal coordinates on that hyperplane, we find that

lexp( ZLQ)] = ﬁn — . 1dsc exp( ST —%x2) = (\/fls)nl’ (7.43)

which settles the claim. O

7.3 Discretisation errors
Deterministic discretisation errors. Later we need to bound the error in the approximations

27

n 2T n
ZEioi ~ / B, dt =0, ZEf@- ~ BZdt, (7.44)
i=1 0 i=1 0

and discretisation errors for Fourier coefficients. Lemmas [Z.7] and [[.8] treat the errors as random vari-
ables and provide bounds for their exponential moments. The proofs build on bounds for deterministic
discretisation errors, which we provide first.

Let H be the space of abbolutely continous functions f : [0,27] — R with bquare integrable deriva-
tive, satisfying 7(27) = 7(0) and [0?"7(s)ds = 0. Let 7 € H. Note that |7 (¢) s)| = |f s)ds'| <

[|7]|2v/ 27, and hence
2m
3 | st =)

()] = < V2 |72,

(7.45)
[7llec < V2 |72
Set
’7'71' = % [T(tl) + T(ti+1)] , (746)
and consider the sums . .
A= "T20;, A=) 7(t)6;
- = (7.47)
Ag = ZT(ti) (91‘ COSti, A4 = ZT(ti) Gi sinti.
i=1 i=1
Lemma 7.6. Suppose that 7 € H and put e, =Y i, 03 = ya(2). Then
AL~ HTH?I < Ven lIlloclI7l2, |Aa] < m 3117112, -

|Ag — [3"dtT(t) cost] < 2/ /3 ||]l2, |Aa— [y dtT(t)sint| < 24/, /3 |7 ]2
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Proof. Note that

and

7(t)? = 7°| = |(r (¢
ti+1 ti+1
/ dt |7(t) — 7 :/ dt
t, t,

/dST

tit1
:/ dS%[(tH_l—S)—F(S—t
t

i

It therefore follows that

‘AI ||T||2‘ = ‘ZT’ 0; _/02 dt(t

) = TT(t) +7)| < 2|7lloo [7(£) — 7l

i+l
= 16, / ds|7(s)

t1+1

- 7(t)?)

tq

t1+1 t1+1
/ dt/ ds|7(s)| = / ds (tiy1 — s) |7(9)]
t; t;

(7.49)

(7.50)

it 27 n
<mwm2j'dw-fm<wm§y/"cm7n:wul &t 10 S 01 L) (1)

2 n
< ”THOOHTH2 /0 dt [Z ei]‘[tiati+l)(t)‘|
=1

which is the inequality for A;.

Let f: R — R be absolutely continuous and 2m-periodic.
(otherwise replace integrals over [0, 2] by integrals over [t1, tp41] =

we have

n 27 i1
0. f(t;) — d
>o0uf(e) [ dssts }j/

from which we get, by Cauchy-Schwarz,

s E:/Hl

—A%wf@

The bound on Aj is obtained from (|7.53 by picking fls) =

1/2

n 1/2
= lImllclI7ll2 (Z@?’) :
i=1

tivr —u) f(u),

n 1/2
< [1f1l2 <Z ;,@qj) = || fll2v/zn /3.
=1

(7.51)

Suppose for simplicity that t; = 0
[t1,t1+27]). By partial integration

(7.52)

(7.53)

7(s) and using that fo ds7(s) =0. The

bounds on A3 and A4 are obtained from 7.53) by picking f(s) = coss and f(s) = sin s, respectively,
and using that fo ds coss = fo ds sins = O

O

Random discretisation errors. The estimates of deterministic discretisation errors in Lemma [Z.6]
can be used to derive estimates of exponential moments of random discretisation errors which is needed

later.

Lemma 7.7 (Discretised mean). Pute, = >

Proof. Write

i=1

where

E |[exp (551/2 ZBtzﬁv)
i=1

=E |:exp (27rsﬁl/2 /027r r(dt)Bt)} ,

n
E |exp (sﬂl/Q ZBitb

)

I = Z 5t+5m1

03. Then, for every s € R,

i=1"1%

< eXp(gg,, zﬂen)

Z 5751 z+1

(7.54)

(7.55)

(7.56)
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is a probability measure on [0, 27]. Apply (7.29) to get

E [exp (mﬂl/? /O - F(dt)Bt)] = exp (%(275)28G)

G = /% (ds /0277 (dt) k(s — ) =

The proof proceeds in two approximation steps. First, use (7.32]) to write

with

n

n
l+1_tz 1 Z ]+1_t] 1 (t_t])
Jj=1

n

1+1
S (s — i) z / (1 — 1)) + k(tian — 1) — 2k(s — 1,)]
i=1
i+l —tj . n tit1 tiv1—t; .
= —Z/ ds/ duk(u)—i—Z/ ds/ du k(u)
i=1 7t ti—t; i—1 “ti s—t;

n n

tit1—t; ) tit1 tit1—t; . titu
= —Z/ duk(u)/ ds—i—Z/ duk(u)/ ds
i=1 ti—t; utt; i=1 ti—t; t;

K

n tit1 .
= Z/ d’U,/ k(u/ — tj) (2’[,&/ - tl' - ti+l)-
i=17t

Substitute this into (7.58) to get

L+1 n
Wz/ W @ =t — 1) S (g — ) k(' — 1),
j=1

Next, use ([7.32)) to write

n n

S (tjar — tyo1) k(' — 1) = Z / s [k — 1) + R~ ty40) — 2k )]

j=1
J+1 J+1
/ ds/ duk / ds/ duk
u' —s u —tji1
u —t] tit1 u —tJ u —u
:Z/ duk()/ ds—Z/ duk()/ ds
; ulftj+1 u' —u S ulftj+1 t

Jj=1 Jj=1 J

n u —tj .
- Z/ duk(u) (2u —2u" —t; + tj41).

j=17%~tj+1

Substitute this into ((7.60) to get

i+1 i+l
4 s E / du’ (2u' —t; — tiyq) g / du” (tjp1 — 2u" —t;) k(u' —u").
)

Finally, note that |2u’ — t; — ti11] < 6i, [tj11 — 2u” —t;] < 6, and ||k]jee = 1, to estimate

2
11 g2 1 2” -
G| < ] [/ dt (ZQ Lt tign) (¢ >] §7 d [Z eil[ti»tm)(t)}
=1
11 [ 11 &
:ég ) dt ZG lt“twrl) g?Z

Combine this with (7.55)) and (7.57)), and note that G > 0, to get the claim in ((7.54]).

(7.57)

(7.58)

(7.59)

(7.60)

(7.61)

(7.62)

(7.63)
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Lemma 7.8. Pute, =Y., 03. Then, for every s € R with |s| < 1/y/27e,,

i=1"1

n 27
exp [%s (Z Ezﬂi — dt Bf)
i=1 0

Proof. The proof uses a determinant formula for exponent moments of quadratic functionals in abstract

Wiener spaces (see ([7.73) below).

We view B as a random variable taking values in the Banach space E of mean-zero, 2m-periodic,
continuous functions f: R — R, equipped with the supremum norm || - ||oc. The scalar product

E

< exp<|s|0(\/§blog(1/€n))>- (7.64)

(fL9)n = 027'r dt f'(t)g’'(t) turns H C E into a real Hilbert space. For u a finite signed measure on
[0, 27] with total mass zero, define (—A)~!'u € H by

(—A) " u(t) = / Tau)ke—t),  teR (7.65)
0

with k(t —t) the Green function from Lemma Following the proof of Lemmal7.3|(b), we can check
that g = (—A)~!u is in H and satisfies —¢g” = u in a distributive sense:

27 27
u(f) = / duf = / at (1) (—g" (1) = (g, e = (D) " i fEH. (7.66)

When f € E\ H, we define (g, f)» as u(f), so that (7.66) remains true. A slight adaptation of the
proof of Lemma [7.3|b) then shows that

E[e{9B"] = E[e#(P)] = o3 JoTdu®) 9(t) _ o—3llgll3, (7.67)

Now consider the continuous quadratic form
n 9 2m
QIH=Y T o~ [ afe? ek (7.68)
i=1 0

The restriction of Q to H is represented by a bounded symmetric operator Q: H — H that is uniquely
defined by the requirement that

Q(h,h) = (b, Qh)y,  he M. (7.69)
From ([7.45)) and the first line of ([7.48)) we know that
|Q(h, 1)| < VEu IBlls Bl < Vome, [R5 = v2ren |Bll3,  heH. (7.70)

Hence || Q|| < v/27e, and so, for all s € R with |s| < 1/1/27e,,, the operator id — sQ is positive definite
and invertible in H, with bounded inverse.

Next, we check that Q is a trace-class operator (Simon [37]). From(7.68) we see that Q is a difference
of two terms. The first term corresponds to the finite sum in (7.68), has finite rank, and is therefore
trivially trace class. The second term is (—A)~!. Indeed, for f € H, setting FF = (—A)~1f € H and
integrating by part, we have

/ T f (e = i "t f(1)(—F" (1) = / LAt POF @) = (A . (17D)
0 0 0

Consider the orthonormal basis of H consisting of the vectors

el o=,

Then (—A)~te, = 7zex and (—A)ej = ej. Thus, (—A)! is trace class with trace 2> 77, 1/k? <
o0, and @, as a difference of two trace class operators, is itself trace class. It follows from general results

ex(t) = keN. (7.72)
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on abstract Wiener spaces (Chiang, Chow and Lee [5]) that, for every s € R with |s| < (27, )™}, the
exponential moments of Q(B, B) are given by

E{exp [LsQ(B, B)]] = det(id — sQ) /2, (7.73)

where the determinant is a Fredholm determinant. Indeed, if A\; > A2 > --- are the eigenvalues of Q,
then maxjen |A;j| = ||Q|| = O(\/€x), and the Fredholm determinant is given by

ZAM - exp<0(|s| TrQ)). (7.74)

jEN

det(id — sQ) = [ J(1 = Is|A;) = exp [s o(

jEN

Thus, it remains to estimate the trace of Q. To that aim we apply the first line of (7.48)) for 7(t) = e (t).
Since |leg|l2 = 1/k and ||ég||cc = 1/+/7, this gives

{ex Qexy] = [Qler,ex)] < VEnlleloliénll = Y2 (7.75)

On the other hand, clearly Q(ey, ex) < 47|ex||2, = 4/k?. Similar bounds hold for Q(e}, e}). Therefore

‘Tr Q| <2 Zmin((\/en/ﬂ')/k'A/kz) = O(\/alog(l/gn)>_ (7.76)

keN

The proof is concluded with (7.73|) and (7.74)). O

Fourier coefficients. Define the discretized Fourier coefficients

1l = -
Dy=—= 6; By, cost;, Di =—=> 0, By, sint,. (7.77)
VT VT

By a slight abuse of notation we shall use the same letter Dy, D} for the random variable obtained by
substituting t; — T;, 6; — O;.

Lemma 7.9. Pute, =Y ., 03. Then, for every |s| < 1/8y/2me,/3,
]E[exp( s[A2 — D%])} < exp(|s| O(\/alog(l/en))). (7.78)
A similar bound holds for A¥? — D2

Proof. The proof is similar to that of Lemma [7.8] Let

o(f 7( Ze Tt cost; cost - (% /O%dtf(t) cost)2 (7.79)

and let Q: H — H be the associated symmetric operator. Then @ has finite rank and is therefore
trace-class. Using the identity |2? — y?| = |z + y| |x — y|, ¥,y € R, in combination with (7.45) and the
second line of (7.48]), we see that for all h € H,

27
29 h(t;) cost; —/ dt h(t) cost
0

i=1
Consequently, ||Q|| < 8/2me,,/3, id — sQ is positive definite for all |s| < 1/8+/27¢,, /3, and

|Q ek, er)| < 8v/2men/3llek|loo l|€xllco = 8/ 2en/3/k = O(\/en/k), (7.81)

and similarly for ej. The proof is concluded in the same way as that of Lemma O

QR W) < 4[lo

<8Ven/3[h|lw ||h||2 < 8y/2mey, /3 ||h||7-t

(7.80)
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8 Asymptotics of surface integrals: proof of moderate devia-
tions

In this section we collect the preparations in Sections and prove Theorems Section
proves an upper bound for the key surface integral IVB(k, 8;C,¢) (Proposition [8.1)), which together
with conditions (C1) and (C3) in Section proves the desired upper bound in Theorem The
proof consists of a sequence of steps involving decomposition, elimination and separation of terms. A
particularly delicate point is how to control the integral over m in (6.41): we show that only small
values of m contribute, namely, |m| = O(8/%). Section proves a lower bound for the key surface
integral I™B(k, 8; C,¢) (Proposition , which together with conditions (C1) and (C2) in Section
proves the desired lower bound in Theorem In Sections we also prove Theorem The
proof does not need conditions (C1)—(C3), but has non-matching upper and lower bound. The proof
of the lower bound relies on a rough version of (C1) that can be proved easily.

8.1 Upper bound
We prove the following;:

Proposition 8.1 (Upper bound key integral). For every C € (0,00) and all € > 0 sufficiently small,
there exists a ¢ = ¢(C,€) > 0 such that

limsup —— log Z"B(k, B8; C, )

B—o0 51/3

< 27GeTy + limsup  sup /3
Boo |mi<epr/o Bt

(8.1)
log B [exp (L1401 {Zweo}} +0(e),

where x = Zil G)iBiTi2 — D? — D*? and Dy, D} are defined in (7.77).

Before we embark on the proof of the proposition, we use it to complete the proofs of the upper bounds
in Theorems and

Proof of the upper bound in Theorem [2.5. Proposition when combined with conditions (C1) and
(C3) in Theorem yields

hm sup logZYB(k, B; C, ) < 210G (s — Tux) + O(€). (8.2)

[31/3
with 7, given in (2.29)). Combining with Corollary we get
* 2
timsup 7 /3 log (e "5 (Vog-2/a 1 DL(0) N Cog2/a(0)) ) < 27Ge(m = 72a) +O(e). (8.3)

Combining with Lemma[6.2] we find

hmsup ﬂ1/3 log( BI"(xR?) g (Vcﬁ 23 N'D, )) < 27G (T — Tux) + O(e). (8.4)
Contributions from V;5-2/s N D, are bounded by Lemma and are negligible. The upper bound in
Theorem [2.5] follows after letting € | 0 with C' fixed. O

Proof of the upper bound in Theorem[2.6, Without the conditions (C1)—(C3) from Theorem we
estimate the right-hand side of (8.1]) by dropping the indicator. We decompose x into three parts

X = E1+ E2 + E3, (8.5)
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with
N — 9 27
Ey =) Br, ©;— dt B2,
i=1 0
27 (86)
Ey = / dt B2 — A2 — A2
0

Es = A? + A2 — D? — D¥*.

We first look at conditional expectations. Note that Y; depends on N and ©;, 1 < i < n, alone. A
repeated application of the Cauchy-Schwarz inequality yields

~

E[e%[lJrO(E)]X I N, (81)11\;1}

~ 1/3 1/3 1/3
< E[e%[1+0(s)]E1 | N, (@Z)i\le} / E[e%[1+0(5)]E2 | N, (@i)ZN:l} / E[e%[1+0(5)]E3 | N, (Gi)ij\il} / .
(8.7)
By Lemma for every s € (—1,1) with |s| < 1/4/27Y7,
logﬁ[e%SEl N, (92)5\;} < |s|v/Yilog(1/Y1) P-as. (8.8)
By Lemma for every |s| < 1/y/27Y1,
1ogﬁ[e%S(A?*D?> N, (@i)iil} < |s|v/Yilog(1/Y:) P-as. (8.9)
A similar estimate holds for A}%2 — D32. Via Cauchy-Schwarz, it follows that
loglﬁ{e%SE3 N, (@i)f\il} < 2|s|/Yilog(1/Yy) P-as. (8.10)

as long as 2|s| < 1/4/27Y;. We would like to apply the estimates in and with s = 3[1+0(¢)].
From the a priori estimates in Corollary we know that Y7 = O(e). Hence 1/y/27Y; > ¢/ /4/e for
some ¢ > 0. Thus, |s| < ¢/ /+/4e is sufficient to ensure the condition 2|s| < 1/y/27Y;. Therefore we see
that s = 3[1 + O(¢)] satisfies the bound 2|s| < 1/4/27Y7, so that and are valid.

In order to get rid of Y7 in the right-hand side of , we use two estimates: the a priori estimate
Y; = O(e) and the bound Y; > N (27/N)3, which gives log(1/Y1) = O(log N) = O(N). Therefore

1ogﬁ[e%5E3

N, (91)1]\;1} < O(elogN) = O(eN) P-as. (8.11)

A similar bound holds for E;. We now estimate the term with E,. The tilt by eYo=BC1Y1 4ffects the
angular point process only, so it is still true under P that the distribution of (By)¢cjo,2+] is a mean-
centred Brownian bridge independent from N and the 6©;, 1 <4 < N. Since s = 3[1 + O(¢)] < 4, by
picking e small enough, we get from Lemma that

1ogn?:[e%[1+0<6>1E2] =— ilog(l = %[1 + 0(5)]) =0(1). (8.12)
k=2

Note that this upper bound does not grow with 5. Hence, combining (8.8]), (8.12) and (8.11)), inserting
into (8.7) and taking expectations, we find

7 1 ~ ~
logE[ei[HO(‘E)]X} §logE[eO(5)N] P-a.s. (8.13)

Dividing by 8/3 and taking the limit 5 — oo, we obtain via Lemma [7.2] that
1

5173 log ZVB(k, B; C, ) < 2G o7 + O(e). (8.14)

lim sup
B—o0

From here on the upper bound is proven in the same way as in Theorem O
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Next we turn to the proof of Proposition The representation (6.41]) for the key integral and
the asymptotics from Proposition [7.1] leave us with the task of bounding

. 1 EN 1y(m)
lim sup 517 log </]R dm E[QO(E)(5Y1+Y2+N)+2Y3 1{2(’")6\?’05z/gﬂccﬁz/sﬂDé(O)}) (8.15)

B—o0

The main idea is the following. The error terms O(e)(Y; + Y3 + N) should be negligible, and therefore
our primary concern is %Yg(m) in the exponential. In order to deal with this term, we approximate

N 27 27
Yy™ =3 "(m+Br)%6; ~ /O (m+ By)%dt = 2rm? + /0 B2dt (8.16)

=1

(recall that f02 " B;dt = 0). The resulting expression is problematic because
2 1 ron
/dme7rm = 00, E{e2 J B?dt] = o0. (8.17)
R

To cure the divergence, we use the geometric constraints. Roughly speaking, we show that the volume
constraint imposes that the only relevant contributions are from |m| = O(8/%). In addition, we show
that the centring constraint imposes that the Fourier coefficients D; and D7 are negligible, so that we

may replace Zivzl Biq;z®i by x = Zf\[:l BiTiQGi — D? — D3?. This helps because of (2.33)) in condition
(C3).

The proof comes in 8 steps.
1. Decomposition of Y3(m). As a preliminary step we decompose Yg(m) as
v =™ + & — &+ x (8.18)
with (recall that Br, = §(Br, + Br,,,) and ¥ is defined in (2.32))

N 2 N 2
(m) 1 -5 ) o 2 %2 o 1 O,
a" = (;(m+ Br, )@Z> . & =Di+ D%, &= (; BTi@l> . (8.19)
To check ({8.18]), we apply the variance formula
2 2
Z Ti— ijpj pi = Zl’,zpz - Zl’jpj (8.20)
i=1 j=1 i=1 j=1
with n = N, p; = % and x; = m + Br,, respectively, z; = Br,, to get
2
N NN
" =3 (m+Br)*6i =3 | Br =53 Br6; | 6i+&™
=1 =1 Jj=1 (821)
al 2
= Br, 0, - & +&™.
i=1
The claim in (8.18]) now follows from the relation
al 2
> Br, 0;=&+x. (8.22)
i=1

Note that 51(m), &y, &5 are non-negative, while y is not necessarily so. The terms 51(m) and & will be
taken care of in Steps 2 and 4 via the volume and centreing constraints. The term y will be taken care
of via ([2.32)) in condition (C3). The non-negative term & can simply be dropped for the upper bound.
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2. Elimination of 51(m) with the help of the volume constraint. Next we exploit the volume

constraint and the a priori estimates to get rid of Sl(m). By Proposition recalling the definitions in

Proposition we have

1+ 0(e) 11 N
2N —gR2 = Y, 4+ — Dy, -~ ym) e (m) g,
[S( )| — TR CiYr + % 2+2(I€—1)ﬂ 5+ R i:1XZ O
1+ 0(e)

€
= —-CtY;
Cl 1 + 2/8 ‘
i=1
where we abbreviate o
(m)  m+ Br,

Xi = :
(r=1)p
By the triangle inequality, on the event that ||S(Z(™)| — 7 R2| < C37%/3 we have

1

2

1+ 0(e)

28 Ye.

(™ + R.)?0, — 7R%| < CB%* + C5Y; +

Mz

’L:1

An elementary computation based again on the variance formula in (8.20) gives

) ) Oi : L 5
Z( +R)@—27T<R +ZX1 27T> +m;

i=1 i=1

ol (C) ’ 1
o (m) ¥4 .
=27 <R6+§ X; 27r> +7(H_1)/8(52+X &s).

Consequently, (8.25)) becomes

N 2
(m) ©i 2 -2/3 e 14+ 0(¢) 1
m|Re+ S A™Z) —rR2<C +O5Y + Y +
< Z;X 27r> p 1 28 2 2(;<;—1)ﬁ(

From the a priori estimate in Proposition [5.2| we have p; = O(g) and
N

(m) ©s
Z Xi o

= O(e).

Therefore
N

N m6r) o
™ <Rc + Z xgm)27;> — mR? = 2R, + O(¢)] Z xgm)T;,
i=1 ‘

which together with (8.27)) gives

N
BN (m+Br) 0, OM) (B + Y1+ B Ya 4 B7H(E +x — &)).

i=1

Combine the estimates in ) and (| - ) to obtain

N 2 N
™ = orp (ﬂlﬂ > (m+ BTi,)@i> < 21B0(e) <51/2 > (m+ Br,)®;

=1 i=1

<OE)(B+ BV + Y2+ (&2 + X - &)).

N
1 m
Y2+§Z(X,E )+RC)2@Z'—7TRE,,

1N
- Br.©;
T QW; Ti™a

Ex+x—&).

(8.23)

(8.24)

(8.25)

(8.26)

(8.27)

(8.28)

(8.29)

(8.30)

(8.31)
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Insert this estimate into (8.18]) and drop the term &;, to find

Y™ < 0(@e)(BY2 + BY: + Ya) + [1 4+ O(e)] (€2 + x)- (8.32)

3. Estimation of m?. Next we estimate m?, which will be needed later. Write
| X
m=-—> (m+Br,)6; ——ZBTG (8.33)

o
=1 =1

and use (a — b)? < 2(a® + b?), to estimate
1 & i
2
m §2<27r lgl(m—&—BT i) —|—47T<E Br, 27r> . (8.34)

Up to a multiplicative constant, the first term is equal to El(m), which has been estimated in Step 2.
For the second term we use Cauchy-Schwarz and (8.22)). Hence

mQS%Sm)—&— ;B ‘0, < = (5< +E+X)
< O0(e) (B2 + BY1 + Ya) + [1L+ O(e)] (&2 + x).- (8.35)

4. Elimination of & with the help of the centreing constraint. Next we exploit the centreing
constraint and the a priori estimates to get rid of & = D? + D;?. We estimate D7 only, since D;? can
be treated analogously. We have

N N
1 -
D, = — Z(quBTj)cosTi O, fchosTi 0; . (8.36)
a i=1 i=1
Hence
5 [ Z g (N 2
D? < - (; (m+ Br,)cosT; @i> + (; cosT; @1—) m?. (8.37)

In the first sum, we use the a priori estimate p; = ([x — 1]8)~"/?(m + Br,) = O(¢). In the second sum,
we use that by (5.56) and the a priori estimate §; = O(y/c) we have vazl cosT; ©; = O(Y1) = O(e).

Hence
N

D? < O(e)pY/? Z (m + Br,) cosT; ©; + O(e*)m?. (8.38)
i=1
The term m? appearing in the right-hand side has been estimated in (8.35). For the first term, we
exploit the centreing constraint. Define

N
Y4(m) _ Z(m + Br,) ;. (8.39)
i=1

which has been already estimated in (8.30). By Proposition recalling Definition and the
notation in Proposition we have C(Z\"™)) = (£, %) with
11 (m) 1 Ly (m) (m)
D= eV 4 O(Yi + Ve + 51 + =¥V, 8.40
N TR A 1 gYet gl f|4| (8.40)

where

N
Z m + Br,) cos T; ©;. (8.41)
i=1



%)

By (8.40), on the event that |X;| < C3~%/3 we have
B2 <0872 +0(Yi + 87V + B + 5712 (8.42)
Multiply both sides by # and combine with (8.38)]), to get

D} < O(e) (Y2 + BY1 + Yo +Y3™ + B2Y™]) + O(?) m?, (8.43)

A similar estimate holds for D}?. Combine (8.43) with the bounds in (8.28), (8.30), (8.32) and (8.37)
for YA™ |v™| and m?2, to obtain

&2 < OE)(BY? + BY1 + Yo + x) + O(e) &s. (8.44)

We subtract O(e) & on both sides and multiply by [1 — O(¢)]~! = 1 + O(e), to conclude that we may
drop the term O(e) & from (8.44). Finally, we insert the estimate thus obtained into the bound (8.32)

for Yg(m)7 to find

Y™ < 0(@e) (B + BY: + Ya) + [1+ 0(e)] x. (8.45)
5. Only small m contribute. From (8.35)) and (8.44]) we get
m? <M, M®=0() (B3 + BY1 + Ya) + [1+ O(e)] x- (8.46)

We may think of M® as a random variable that is typically of order /2, so that m is typically of
order 5/6 (at most). However, we need to estimate the contribution of the event that M¢ is much
larger than its typical order of magnitude. Fix C’ > 0 (to be chosen later). By (8.46)), we have

=~ 1y-(m)
/Rdm1{m2>0/61/3/E}E[eo(s)(BY1+Y2+N)+§Y3 1{Z<m>eT}§§’}]
~ c 1y-(m)
< EUR dm 1{0'31/3/a<m2g1\/[s}60( J(BY14Y2+N)+1Y, 1{Z(m)€TgE'}]
~ 1/3 1
S E[/R dm 1{0/51/3/E<m2SM5}eO(6)(ﬁ +5Y1+Y2+N)+2[1+O(€)]Xl{z(m)eTgE’}‘| . (847)

In the last line we first use the bound on Yg(m) from (|8.45|) and then drop the indicator on m. The expo-

nential in the last line is independent of m. We bound 1;cvg1/5/ccme<arey < Liarescrpr/s ey Lim2<nme}
and perform the integral over m, to find that we can further bound (8.47)) by

E [1{M6>C’61/3/5}’ /M O ©) (B2 +BY14Y2+N)+5[1+0(e)] Xl{Z(T")eTg,BEI}} . (8.48)

We can get rid of /M, via the inequality z < e*~!, x € R, with = eM,, which yields /M, <

\/—1;6 exp(4e M*). Because of (8.18), the term 2cM* can be absorbed into the exponential. We can get

rid of the indicator of the event { M > C’3'/3/¢} by estimating 1 Me>Cr81/3/e) < exp(—C'BY3 4 M*)
and again absorbing the term ¢M¢ into the exponential. Thus (8.48) is bounded by

Jee e R [0 TV N (140, (8.49)
Using Holder’s inequality and Lemmas and we get
. 1 S 0(e)(BY3+ Y1 +Y2 +N)+ 2 [140(2)] x
11;nﬁs;1)p 517 log]E[e 2 ] < k(e) (8.50)

for some k(g) < co. The details are similar to Steps 6—7 below and therefore are omitted. Hence, given
e > 0 we can make (8.49)) arbitrarily small by making C” sufficiently large. Altogether we obtain the
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following statement of exponential tightness: For every C” > 0 there exists a C' = C'(e,C,C") > 0
such that

hrn sup 61/3 lOg (A dm 1{m2>C’ﬂ1/3/a}E[60(6)(BYI+Y2+N)+%Y;M) 1{Z(m)eng}}> < _c". (851)
Hence we need only estimate contributions coming from |m| < \/C" /e B/6.

6. Separation of terms with the Holder inequality. By (8.45) and the Holder inequality, we
have for all ¢ > 0 and p,q > 1 with p~! +¢71 =1,

log E

dm eC©BYI+Y2+N)+ 5™ 4 ") ey UB/
|m|<Lcpr/6 {ztmexyR}
m|<c ’

1 = 1
<l ey loglE[e2”[1+O(5)1X1{2<m>ergg’}}

+ 1 log]/E\ [eqo(f)(51/3+5Y1+Y2+N)} + 0(651/3). (8.52)
q

(We have dropped the indicator in the second term, because it will not be needed.) We will want to
choose p close to 1, which makes ¢ large and potentially dangerous for the second term in (8.52). It
will turn out that a good choice is

c
for which p =1+ O(y/e).

7. Estimation of the second term in (8.52). Note that Y; depends on N and ©;, 1 < i < N,
alone. The tilt by eYo=BC1Y1 ip the definition of P affects the angular point process only, so it is still

true under [P that the distribution of (B;)¢cjo,2+] is @ mean-centred Brownian bridge independent from
N and the ©;, 1 < i < N. Therefore, by (6.40) and Lemma for every s such that s € (—1,1),

E[ez2 | N, ()N ] = (1 —5)~N-D/2 Pas. (8.54)
Applying this identity with s = 2¢O(e) = O(y/¢) (which falls in (—1, 1) for ¢ sufficiently small), we get
IE[ W0EY: | N, (0, 1} = OEN) Pas, (8.55)
Multiplying both sides by 10 (AY1+N) and taking expectations, we find
. log E [er(a)(,@Y1+Y2+N):| . log E [er(a)(,BY1+N):| (8.56)
It now follows from Lemma with 6 = ge = ¢\/e that

hm sup = 1og E {er(g)(ﬁYI+YQ+N):| < O(e). (8.57)

51/3 —
Hence the second term in (8.52) is negligible.
8. Conclusion. Combine (8.51)(8.52) and (8.57) to get

=~ 1y (m)
hmsup ﬂl/d log (/R dm E[eo(e)(BY1+Y2+N)+2Y3 1{Z<m)€Tg§/}}>

<O(e) + hgf;ip 51/3 lm‘s<ucpﬁ>l/6 lOgE|:ez[1+o(€)]xl{z(n7)eo}] (8.58)

for suitable ¢ = ¢(e,C) > 0. Together with the representation (6.41)) for the key integral and Proposi-
tion this completes the proof of Proposition
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8.2 Lower bound
The proof of the lower bound in Theorem builds on the following key proposition.

Proposition 8.2. For all C € (0,00) sufficiently large and all € > 0 sufficiently small,

. 1 LB . o : 1 (o7 (m)

llgsip 517 logZ""(k, B; C,€) > 21nG Ty + hﬁrggf \mé%f—l/ﬁ 517 logIE”(Z( €0)—0(e). (8.59)
Proof of the lower bound in Theorem [2.5, The lower bound in Theorem [2.5 follows from Corollary [6.4]
Proposition and conditions (C1) and (C2) in Section O

Proof of the lower bound in Theorem [2.6, For the proof of the lower bound in Theorem [2:6] we work
directly with the surface integrals and skip the auxiliary random variables. By Corollary we have

eﬁ[*(‘rrRi)uB (VCﬁ*2/3)

* 2
> Bl (”Rc),ug <V0572/3 N 'DE(O)) (8.60)
> |1—0(e~P)| (kB)" dt 1io<t, <o <t, <27} dre P83 1,, . ,.nDL0)(2),
[0,27]" R™ cp=2/3

where n € N is arbitrary, z = (21,...,2,) and z; = (r; cost;, r;sint;). We pick n = |kBY/3] with k > 0
some constant, write r; = R, — 2 + p;, and restrict the integral to the domain

2
_ . o1 —2/3
M = {(t,p). ,1r£1iagxn|ti - Z(i—3)| <e - lrgfé(n|pi| < ey87% } (8.61)

with €1 € (0, %) and €9 > 0.

Figure 10: Tllustration to the proof of Lemma a = (0,R. — 2), and s is the barycentre of the points z;
and Zi41-

Lemma 8.3. Let z; € M, i=1,...,n, and let e1 < 1/3 and g9 < R2°'];2. Then z € O NDL(0) for
sufficiently large (3.
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Proof. First, we prove that z € O. Employing Proposition we need to show that every triplet
(2i—1, i, zi+1) is extremal. Actually, we will show that the intersection of the halfline ¢; starting at
the origin and passing through z; is intersecting the circle 9Bs(z;) in a point p ¢ Ba(z;—1) U Ba(2zi41)-
Clearly, it suffices to show that p ¢ Ba(2;41).

Consider the most extremal case: p; attains the minimum allowed value p; = —e23~2/% and Pit1
attain the maximum allowed value p;y1 = 625_2/ 3. Also, take the minimal angle o between the
half-lines ¢; and £;11: o = 2%(1 — 2). Without loss of generality, we may assume that z; = (0, Rc —
2 — £672/3) and 24, = (rsina,rcosa), where r = R. — 2 + e287%/3. Let s be the barycentre
s = 1(2; + 2i+1), and let £ be the half-line beginning at s, orthogonal to the segment (2;, z;11), and
containing the points (z,y) with y > R, (see Fig.[10). The point v; € 9Bs(z;) NdBa(z;) belongs to . If
the half-line £ does not intersect the positive y-axis £N{(0,y): y > 0} = 0, then p = (0, R. —e,3"2/3) ¢
BQ (Zi+1).

To show that the half-line ¢ does not intersect the positive y-axis, it suffices to show that R, — 2 —
£9372/3 > 55, where sy = %(RC —2— 8723 4 (R, — 2+ 625_2/3) cos ) is the second coordinate of
the barycentre s. This leads to the condition (R, — 2)(1 — cosa) > €237 2/3(1 4 cosa). Given that

1 g2 (8.62)

- 2k

l—cosa  sin’a S sin? o S o _ (271/3)2
l+cosa (l+cosa)2 ™~ 4 — 8

we get the sufficient condition g9 < chk_f, as claimed.

For the proof that z € D.(0), we refer to the beginning of the proof of Lemma [8.4} where we show

that if o < #‘?_2)\/& then the intersecting point v; on the boundary belongs to Ag, .. The above

bound on « is clearly satisfied once [ is sufficiently large. O

Returning to the proof of the lower bound in Theorem we check that the volume constraint is
satisfied as well (recal the orders of magnitude of the relevant quantities from Definition [5.3]). Note
that for (¢, p) € M the angular increments are bounded as

127 527
el P it 8.63
3n ~ T 3n ( )

and 27" =[1+o(1)] 27k~ B3 as B — co. On M,

n 27\ 2 3,-9 H—
yi(z) = ;9? < 271'111?)(91-2 < 2#% (?) =1 +0(1)]2—95 88 k2 372/3
“~ (pir1— pi)? (2e,372%/3)2 18 2,.—23—-2/3
= <2 < |1 1)|=
y2(2) Z; 0, S em 27/GBn)2 = [1+0(1)] Fezk™B )
i= (8.64)

ys(2) = 3726, < [1+ o(1)] 273 B~4/3 = o(872/%),
=1

lya(2)| <D Ipil6: < 2meap=?/7.

i=1

Choosing k large enough and €5 small enough, we see that each of the y;’s is of order at most C’ f~2/3,

where C’ can be made arbitrarily small compared to the given constant C' > 0. By Proposition
the volume constraint is therefore satisfied for sufficiently large 8. Thus, we may drop the indicators
from the last line of (8.60]). Proposition [5.8 and the bounds in (8.63)) also yield the estimate

Az) < C'p72/3 (8.65)
for some constant C’ > 0 depending on k and eo. We deduce that
*( n_—C'gl/ T\ _ n
el RZ)WJ (VCH*Z/?») > (kpB)"e os 3(251%) (625 2/3)

o (8.66)
=[14+o01)]e P (kark™'es)"
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and

hm 1nf W log( (”Ri)mg (Vcﬂfz/a)) > —C' + klog(ﬁ 47Tk‘7152). (8.67)

The right-hand side can be written as 2wG (1« — ¢) for some ¢ > 0, since we have already proven
the upper bound in Theorem [2.6] and the upper bound must be larger than the lower bound. This
completes the proof of Theorem @ O

The proof of Proposition comes in 4 steps. We again start from (6.41]). For the lower bound,

(m) -1/6

we can simply drop the non-negative term Y3 and restrict the integral over m to |m| < f

1. Separation of terms with the reverse Holder inequality. We separate the exponential from
the indicator TIBE (defined in (6.43))) with the help of the reverse Holder inequality with p € (1, 00),

log E {/|m<6 1/6 dm €O 1{Z("L)€YI/;335/ }}

>p inf log@(Z(m) € TLB,) —(p—1) sup logﬁ{e’ﬁo(f)(ﬁYﬁYﬁN)} +log 875, (8.68)
|m|<p=1/6 P |m|<p—1/6

We choose
p=1+cVe, c € (0,00). (8.69)

2. Estimation of the second term in (8.68). Proceeding as in the proof of (8.57), we can again
use (8.54) with s = —2(p —1)710(e) = —O(y/£) to estimate, as in (8.55),

~ (- 1>logﬁ[e*filo<s> PN 00 ] = - 1) 9 log(1 - ) = O(VEN). (8.70)

Taking expectations, we obtain

—(p— l)logE[e 106 (5YI+Y2+N>] —(p— 1)1ogE[e 106 (Byl“v)]. (8.71)
Applying Lemmaﬂ with § = p—ilO(e) = O(y/2), we conclude that
1 1 2
lininf — 5 - )logE[e FoTOE (BYi+Y: *N)} > —0(e). (8.72)
3. Estimate of the first term in (8.68). Estimate
P(Z™ € ONV,5 0 NDL0)) =B(2™ € 0) -
8.73

- [@(ZW €0, 2™ ¢ DL(0)) +P(Z™ € ONDL(0), 2 ¢ vgﬁ,Q/g)} :
We want to show that the last two probabilities are negligible. It suffices to show the following.
Lemma 8.4. For some €9 > 0 small enough and uniformly on |m| < p=1/6:
(a) limg_, oo ﬁl—l/g, log@(Z(m) ¢ DL(0)) = —oo for every 0 < & < €.
(b) Hmes00 SUPc <., IMSUPS_, o 51—1/3 log]IAD(Z(m) € ONDL0), Z(m) ¢ Vlcg—ws) = —00.

Proof. (a) First, let us show that

2v/2
{z" e 0,v1<i<N: @igR(Rf_Q)ﬁ,wSigN: im + Br,| < 3e/(k — 1)8}

c{z™ conDL(0)}. (8.74)
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In polar coordinates, Z\™ = (r™ cosT;,r{™ sin T;) with [r{™ — (R, —2)| < 1e. To show that Z(™ €

O NDL0), it clearly suffices to show that, for any i, the boundary point v; € aBg(Zi(m)) N 8Bg(Zf_Tl))
belongs to Ag,... The most extremal case occurs when |7“(m | = \THl\ =r=R.—2—3cand ©; =
o (R _Q)f Assuming, without loss of generality, that Z(m) (0,7) and fol) = (rsin©;,rcos ©;),
we find v; as the intersection of the line {(z,y) : + = ytan(©;/2)} (the axis of symmetry between

points Zi( ™) and Zf_H)) and the circle 9B2((0,r)). we get

0i2 = (r +2)% — (2r + 22 +3/2) % +0( 3/2) > (R, — ¢)2. (8.75)

For the last inequality, notice that

2 1 .3/9)\0} SH
(2r+2r°+r /2)7":%(7“—1-2) H < (r+2e (8.76)
using the assumption 0; < #‘?_2)\@ and the fact that r +2 < R,.
With the help of the proven inclusion, we may estimate
2v/2
IP’(Z(’” €0, 2™ ¢ D0 ) ( <i<N @i>7f\/5)
Re(R. —2) (8.77)

1@(31 <i<N:|m+Brg|>le (5—1)5).

Abbreviate k = 2/2/R.(R. —2). Then the first term in the right-hand side of (8.77) can be estimated

as
@(31gi§N; @i>w§>g— ]E[ N} . 8.78
Elexp(Yo — ¥1)] ; (57%)
In the conditional expectation we estimate
n
Vi =501 08> 103+ 1) > LK% + 1Y) Pas. (8.79)
j=1
With the help of the inequality N < é eV9 we deduce that, for every § > 0,
~ s 325 B[N Yo — ,y
P(31<i<N: 0> hyE) < i []E eXp(YO 2 1)
exp(¥o ~ 1)) (8.80)

ie*ksewgﬁ E[eXp(i}o — %}71 + 5N)]
= Jde Elexp(Yo — Y1)

We already know from Proposition that the denominator equals exp(—[1 + o(1)] ¢3'/3) for some
constant ¢ > 0 as B — co. Arguments entirely analogous to those in the proof of Proposition [7.1] and
Lemma [[.2] show that the same holds for the numerator. It follows that

P(31<i<N: 6> hyE) =07 (8.81)

for some constant ¢/ > 0 as § — oo, and so we get the claim with a margin.
As to the second term in the right-hand side of (8.77), since the tilting only affects the angular
process and not the radial process, we have

B(31<i < N: [m+Br| > lev/(n—1)8) = Z]E(l{algigm b Wil)ﬁ,N:n})

neN

13
< ZZE(1{|m+BTi|>§E\/mN n}) ZZE( {met Bol> Lo/, N= n}) (8.82)

neN =1 neN =1

~

:E[N]I@(|m+Bo\ > ley/(k—1)8) :IE[N]IP(|m+BO| > ley/(k—1)B),
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where we use that the law of (B;)c[0,2+) is invariant under shifts. Moreover, recalling (2.17)-(2.18),

we have
27 .
P(lm + Bo| > 1¢ (H—l)ﬁ):]P(;ﬂ_/ dt W,
0

>1ley/(k—1)8 - m)

(8.83)
§P<SW>H%P> 3¢ (nnﬁmﬂ>,
0<t<2m
where we use that % 027T dt W, = % fo% ds W, — %Wg7r and
27
{ sup |Wy < a} - { ﬁ ds W, — WQﬂ— < % } a > 0. (8.84)
0<t<2r 0

But (see [11, Lemma 5.2.1])

IF’( sup |Wi| > 2 [% (k—=1)p— |m|]> <d4exp (—%;ﬂ [% [%5 (k=18 — |m|} ]2> ,  (8.85)

0<t<2m

and so we get the claim with a margin.

(b) On the event {Z(™) € O NDL(0)} we can use the expansion of the volume in Proposition in

the form given in ([8.23), with Y4(m) given in ([8.39). We have

1 1
1406y, | v

17 L (m)
25 2(n—1)B ° (v —1)B

|S(Z™)| — nR? = —C5Y, + v,™. (8.86)

Recall that Y7, Yo, Yg(m) are non-negative, while Yy is not necessarily so. It follows that

B(2™ € ONDL0), 20 ¢ Vi o) < fp(cm > lop- 2/3) + P( [1+0() Y, > Lo 2/3)
~ 1 m 92/ fa Rc m —
er(%(m -1)B "™ > 308 2/3) “P( (k—1)3 ™| > 308 2/3>' (8.87)

The four probabilities on the right-hand side of (8.87)) are estimated with the help of large deviations,
Markov’s inequality and the results from Section [} The first probability is bounded by

eXp(f%SCﬁl/B) E[eschm} s> 0. (8.88)

Using Lemma[7.2] we see that for s | 0,

hmsup ,31/3 IOgE[ SC§6Y1:| < O(s) (8.89)

and therefore, for some 1 > 0,
lim sup limsu o ]P’(C v > Lo *2/3) = —o0. 8.90
Coo O<6£61 ﬁ_)oop /81/3 g 111 /6 ( )

The other three probabilities in (8.87) are treated in a similar way, and so it suffices to show that, for
s € R with |s| small enough,

logE[ 9ﬁ1/2y4(m)] < 00.

(8.91)

1 Y,
W]og}]ﬂ[ 2] < oo, hgi)solip ﬁl/?’ logE[ ] < 00, 11/r3n_>solip 51/3
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First term. Write Use (8.54) to compute

~

( 2N, (0)) = (1- 25)_(N_1)/2 = exp (% log(1 — 23)*1) < N0 Pas  (8.92)

Taking the expectation, we have

and therefore, using Lemma [7.2] we see that for s ¢ 0,
hmsup 61/3 IOgE( ¥2) < O(s). (8.94)

Second term. Note that Yg(m) = Zil(m—FBiTi)Q@i < Zf\; 2(m? +B7T1;2)@i = 4dmm? + 21{3(0). The
term 47mm? = O(B~/3) is harmless. Write

2m 2m
VO =E + | atB? ZBT ©,— [ datB2 (8.95)
0 Pt 0
Estimate ) )
B(es”) < B(e2P)2 B2 Jm 4t B2) 2, (8.96)
By Lemmal[7.§]
E(e®™) < E(e|8‘0(ml°g<1/yl>)). (8.97)
Since Y; > N(27/N)?, we have log(1/Y;) = O(log N) = O(N). Since Y3 = O(¢), this gives
I’E(estl) < E(e\s|0(\/§logN)) _ e\s|o(\ﬁ)51/s7 (8.98)
where we use Lemma[7.2] By Lemmal[7.4]
=r.2s [27dt B2 _ A
Blez 7] = T (1= 3) (8.99)
keN

which is finite for s < %.

Third term. Note that Y(m) Zl ((m + Br,)0; = 2mm + Y(O). The term 27m = O(B~Y/%) is
again harmless. We have
) (8.100)

E(e 51/2y<0)) E <exp [Sﬁl/z > Bre;

Use Lemma [7.7] to bound this from above by

E (exp [5-528Y1]) - (8.101)

Now use to get
hmsup 51/‘3 IOgE( 8,81/2Y4(0)) < 0(s). (8.102)
This completes the proof of (8.91]. O

4. Conclusion. Combining (8.68)), (8.72)), (8.73) and Lemma and choosing C' large enough, we
get

O(e)(BY1+Y2+N) ¢

11m1nf 5173 1og]E{/|m</3 » dme {zomeTy'y

> 7/(m) _ )
hﬁrglolgf Imli%f e ,6’1/3 log ]P’( €0) —0(e)

Proposition follows with (| and Proposition

(8.103)
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